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Abstract. We construct Fourier transforms relating functions and distributions on fi-
nite height p-divisible rigid analytic groups and objects in a dual category of Zp-local

systems with analyticity conditions. Our Fourier transforms are formulated as isomor-
phisms of solid Hopf algebras over arbitrary small v-stacks, and generalize earlier con-

structions of Amice and Schneider–Teitelbaum. We also construct compatible integral

Fourier transforms for p-divisible groups and their dual Tate modules. As an applica-
tion, we use the Weierstrass ℘-function to construct a global Eisenstein measure over the

p-adic modular curve, extending previous constructions of Katz over the ordinary locus

and at CM points, and show its generic fiber, the global Eisenstein distribution, gives
rise to new families of quaternionic modular forms that overconverge from profinite sets

in the rigid analytic supersingular locus.
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1. Introduction

For A a locally compact abelian group with Pontryagin dual A∨ = hom(A,S1), there is
a universal character

κ : A×A∨ → S1, (x, φ) 7→ φ(x).

The Fourier transforms of classical functional analysis are isomorphisms between spaces of
measures or distributions on A and spaces of functions on A∨ obtained by integrating κ over
fibers of the projection to A. Pontryagin duality is an involution on the category of locally
compact abelian groups preserving universal characters, and thus these Fourier transforms
are self-dual. They are moreover functorial, exchange multiplication and convolution, and
exchange invariant derivations with multiplication by canonical coordinate functions.

In this paper, we construct Fourier transforms with similar properties in p-adic geometry.
Unlike the classical setting, we do not know a natural category analogous to locally compact
abelian groups that is preserved under Pontryagin duality. Instead, we develop a theory
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similar to the duality between compact groups and their discrete duals: In our case, we
consider Zp-local systems with an analyticity condition, whose dual character groups are
finite height p-divisible rigid analytic groups (in the sense of Fargues [13,14]).

We study these dual categories over an arbitrary small v-stack, and construct universal
characters in this generality. We then show that integration over the universal character
defines dual Fourier isomorphisms between solid Hopf algebras of distributions and functions,
exchanging invariant derivations with multiplication by coordinate functions. When the
base is the spectrum of a non-archimedean extension of Qp and the p-divisible rigid analytic
group is the character group of Zp, one of our Fourier transforms specializes to Amice’s
[1] description of the dual of the space of locally analytic functions on Zp. Similarly, we
also recover a previous extension of Amice’s results due to Schneider–Teitelbaum [41] —
in independent work, Kings–Sprang [37] also provide a generalization of [41] over non-
archimedean extensions of Qp. We also prove a compatibility between our Fourier theory
and integral Cartier duality, generalizing the compatibility between the Amice transform
and Mahler expansions.

As an application of our results, we construct an Eisenstein measure on the Tate module
of the universal elliptic curve over the integral p-adic modular curve (viewed as a p-adic
formal scheme). Our measure specializes to Katz’s Eisenstein measure over the ordinary
locus, and to a related construction of Katz at supersingular complex multiplication points.
Passing to the associated distribution on the rigid analytic generic fiber yields a global
Eisenstein distribution. Using this distribution, we recover the overconvergence from the
ordinary locus of the classical weight family of p-depleted Eisenstein series parameterized
by characters of Z×

p . By a similar argument we then construct, for R any order in a degree
two extension L/Qp, a new family of quaternionic Eisenstein series parameterized by L-
analytic characters of R×, and show that they overconverge from the profinite locus of
formal complex multiplication by R to open subsets of the supersingular locus of the p-adic
modular curve.

1.1. Fourier theory for rigid analytic character groups. We first state our main
theorem when the base is the spectrum of a non-archimedean field K/Qp. To that end,

let K/Qp be a non-archimedean extension, let K be an algebraic closure, and let C be the

completion of K. We use condensed K-vector spaces (see [45]) in place of the usual theory
of locally convex K-vector spaces to handle topologies on function and distribution spaces.

We fix a continuous representation of Gal(K/K) on a finite free Zp module Λ, a finite

dimensional K-vector space V , and a Gal(K/K)-equivariant surjection γ : ΛC ↠ VC .
One half of our Fourier transforms will concern functions and distributions on Λ with an
analyticity condition determined by γ. Explicitly, we define Oγ−la(Λ) to be the natural
condensed1 K-vector space of functions from Λ to C that are Gal(K/K)-equivariant and
γ-locally analytic, i.e., locally on Λ, factor as the composition of γ with an analytic function
on an open ball in VC . We define Dγ−la(Λ) to be its condensed dual.

On the other side, we consider the rigid analytic group Hrig
γ over K parametrizing γ-

analytic characters of Λ. This is a p-divisible rigid analytic group in the sense of [13], and,
by a theorem of Fargues, see [13, Corollaire 17], every p-divisible rigid analytic group over
K is isomorphic to some Hrig

γ . We denote the associated diamond over SpdK by Hγ , and

1Sending a profinite set S to the Gal(K/K)-equivariant γ-locally analytic functions from Λ to C0(S,C).
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we define O(Hγ) to be the natural condensed2 K-vector space of functions on Hγ . We write
D(Hγ) for the condensed dual of O(Hγ).

The condensed K-vector spaces Oγ−la(Λ), Dγ−la(Λ), O(Hγ), and D(Hγ) are solid3, and
we show that the group structures on Λ and Hγ endow them with the structure of solid

Hopf K-algebras, i.e., Hopf algebras with respect to the solid tensor product −⊗■
K −. We

also show that there is a universal γ-locally analytic character κ : Λ ×Hγ → Ĝ♢
m,η, where

Ĝm,η is the rigid generic fiber of the formal multiplicative group Ĝm over Spf OK and (−)♢
denotes the associated diamond. Our first main theorem concerns the Fourier transforms
for this data:

Theorem 1. Integration against the universal character κ defines isomorphisms of solid
Hopf algebras over K

D(Hγ)
∼−→ Oγ−la(Λ) and Dγ−la(Λ)

∼−→ O(Hγ).

These isomorphisms are functorial in the triple (Λ, V, γ) and naturally dual to each other.

That these transforms respect the Hopf algebra structures is an analog of the exchange
of convolution and multiplication of functions for the classical Fourier transform on R.

Example 1.1.1. Suppose that L is a finite extension of Qp contained in K. Take Λ = OL

with the trivial Galois action, take V = K, and let γ : OL ⊗Zp C → C be the surjection

coming from the embedding of L in C. Then Oγ−la(Λ) can be identified with the space of
functions OL → K that are L-locally analytic in the sense that they can be written locally
on OL as a convergent power series in one variable with coefficients in K. In this setting,
the second isomorphism in Theorem 1 recovers the p-adic Fourier theory of Schneider–
Teitelbaum ([41, Theorem 2.3]), see Proposition 6.6.6. As in [41, §3], the character group
Hγ is a twisted form of the generic fiber of a one-dimensional Lubin–Tate formal group for
L.

Our Fourier transforms also satisfy equivariance properties with respect to actions of
Sym• V and Sym• V ∗. To define these actions, we first note that we can identify LieHγ

with V ∗, and that there is a natural logarithm map logHγ
: Hγ → LieHγ = V ∗. We

equip O(Hγ) with the action of Sym• V ∗ by invariant differential operators, and we equip
Oγ−la(Λ) with the action of Sym•V ∗ by multiplication by polynomial functions on V pulled
back along γ. Similarly, we equip Oγ−la(Λ) with the action Sym• V by invariant differential
operators, and we equip O(Hγ) with the action of Sym•V by multiplication by polynomial
functions on V ∗ pulled back along logHγ

.

Proposition 1.1.2. The Fourier transforms of Theorem 1 are equivariant for the natural
actions of Sym•V ∗ and Sym•V described above.

Proposition 1.1.2 is analogous to the statement that the classical Fourier transform on R
exchanges multiplication by the coordinate x with differentiation d

dx .

1.1.3. Before explaining the ingredients that go into the proofs of Theorem 1 and Propo-
sition 1.1.2, we make some remarks.

2Sending a profinite set S to O(Hγ ×S), which makes sense as Hγ ×S is a diamond over SpdK. In this

case O(Hγ) is equal to the condensed set O(Hrig
γ ) associated to O(Hrig

γ ) with its usual Fréchet topology.
3We recall that the property of being solid is a robust type of completeness in this setting.
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Remark 1.1.4. The space Oγ−la(Λ) ⊆ C0(Λ, C)Gal(K/K) always contains the space of locally

constant functions
⋃

n C
0(Λ/pnΛ, C)Gal(K/K). Via pullback along γ, the space Oγ−la(Λ)

also contains the polynomial algebra Sym•V ∗. The K-algebra spanned by products of these
polynomials and locally constant functions is dense in Oγ−la(Λ).

Remark 1.1.5. In Theorem 7.0.2 we establish an integral analog of Theorem 1 for p-divisible
groups over Spf OK (more generally, Spf R for any p-adically complete ring R) as an imme-
diate consequence of Cartier duality for finite flat groups schemes. The integral and rational
results satisfy a natural compatibility, see Theorem 7.2.6 for a precise statement.

Remark 1.1.6. When K is a p-adic field (i.e., discretely valued with perfect residue field),
there is an initial/maximal choice of γ, given by the natural map ΛC → ΛC/imθ for θ the
Sen operator. When H is a p-divisible group over OK and Λ = TpH∨(C), the Hodge–Tate
map TpH∨(C)⊗C → ωH⊗OK

C can be identified with this initial map and the rigid generic
fiber Hη is the character variety associated with Λ = TpG

∨(C) with its usual Galois action
and γ the Hodge–Tate map.

Remark 1.1.7. We expect to have Fourier transforms for other related objects: For example,
for certain spaces of functions on Banach–Colmez spaces of slopes between 0 and 1. These
Banach–Colmez spaces can be realized (typically in many different ways) as the universal
covers, in the sense of [46], of p-divisible rigid analytic groups. The universal cover is
an extension of the p-divisible rigid analytic group by its Tate module, and thus such a
Fourier transform would be intimately related to Theorem 1; we make a precise conjecture
and detail this connection in [20]. More generally, one hopes to find an analog of the full
category of locally compact abelian groups where our Fourier theory can be situated; Juan
Esteban Rodriguez Camargo has suggested to look for a natural category of group objects
in analytic stacks closed under extension and Cartier duality.

Remark 1.1.8. In [27], the integral p-adic Fourier theory for Ĝm is used to study the p-adic
interpolation of Maass–Shimura operators on the space of p-adic modular forms. One of our
motivations for proving Theorem 1 and Proposition 1.1.2 is to similarly study the p-adic
interpolation of Maass–Shimura operators on spaces of p-adic automorphic forms over the
µ-ordinary locus of more general Shimura varieties (as in e.g. [12]). We hope that this will
have applications to the construction of p-adic L-functions (as in e.g. [22]).

1.2. Sketch of proof. We sketch the proof of Theorem 1: First, the various compatibilities
are essentially formal after the Fourier transforms have been constructed. In particular,
using the duality, it suffices to prove that Dγ−la(Λ) −→ O(Hγ) is an isomorphism.

To obtain this isomorphism we first treat the case where the Galois action is trivial,
where the argument is essentially that of Schneider–Teiltelbaum [41, §2]. More precisely,
we begin by considering V = Λ ⊗Zp

K and γ the identity map Λ ⊗Zp
C → Λ ⊗Zp

C. In
this case the γ-locally analytic functions are the locally analytic functions in the usual sense

and Hγ = Λ∗ ⊗Zp Ĝ♢
m,η. In particular, the Fourier transform in this setting is a multi-

dimensional Amice transform, and thus the result is argued by reduction to the results of
[1]. To deduce the result for arbitrary V but still when the Galois action is trivial, we observe
that the γ-locally analytic functions can be cut out among all locally analytic functions as
those annihilated by certain invariant vector fields. By the case of the theorem that has
already been established, these are matched on the Fourier dual side with multiplication by
coordinate functions composed with the logarithm. Thus the γ-locally analytic functions
are a closed subspace and the associated character group Hγ is a Zariski closed subvariety of

Λ∗⊗Zp
Ĝm,η. Because we have already established the Fourier transform is an isomorphism
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on all locally analytic functions, we deduce that it is also an isomorphism on γ-locally
analytic functions via passage to a closed subspace and its dual quotient.

We obtain the general case of Theorem 1 where the Galois action can be non-trivial by
descent from the case of trivial Galois action when K = C.

1.3. Fourier transforms in families. One of the key ingredients in Theorem 1 is our
construction of the Fourier transforms. To make this construction, we need to work relatively
to define the universal γ-locally analytic character of Λ, which lives over the base Hγ .
Moreover, since we want to prove that Fourier transforms are isomorphisms of condensed
sets, we also want to allow our base to be, e.g., SpdK × S for S a profinite set. Because
the constructions and proofs already involve working over these kinds of general bases, it is
natural to ask whether a version of Theorem 1 itself holds over a more general base.

Our approach is to establish a maximally general version by working over arbitrary small
v-stacks, and to then explain how it specializes to more concrete settings like in Theorem
1. This relative theory is not just a matter of curiosity or a technical ingredient for the
proof over a point — it also plays an essential role in our construction of a global Eisenstein
distribution over the p-adic modular curve.

1.3.1. Main results. Let Y be a small v-sheaf (or small v-stack) over SpdQp, i.e., a sheaf
on the category of affinoid perfectoid spaces over Qp equipped with the v-topology. Let Yv

be the category of affinoid perfectoid spaces over Y with the v-topology together with its
sheaf of rings OY . Let Λ be a locally free Zp-module over Y , let V be a locally free sheaf of

OY -modules and let γ : Λ⊗Zp
OY → V be a surjective morphism. We define the character

group Hγ by the following fiber product

Hγ Hom Y (Λ, Ĝ♢
m,η,Y )

HomOY
(V,G♢

a,Y ) Hom Y (Λ,G♢
a,Y ).

⌟
Log

γ∗

For (A,A+) affinoid perfectoid over Qp and Spd(A,A+) → Y a map, the base change
Hγ ×Y Spd(A,A+) is given by (Hrig

γ )♢ → Spd(A,A+) for a unique relative p-divisible rigid

analytic group Hrig
γ → Spa(A,A+) in the sense of Fargues [14]. This latter property defines

the notion of a p-divisible v-group over Y , see Definition 4.2.1.

1.3.2. We consider the sheaf OHγ/Y of OY -algebras given by the pushforward of OHγ

along the structure map Hγ → Y . We let DHγ/Y = HomOY
(OHγ/Y ,OY ) be the dual.

Using the group structure of Hγ , we equip both OHγ/Y and DHγ/Y with the structure of
a (commutative) Hopf algebra for the solid tensor product of OY -modules using Künneth

isomorphisms (see Proposition 5.1.1). On the dual side, we construct a sheaf Oγ−la
Λ/Y of γ-

locally analytic functions on Λ, and we also consider its dual Dγ−la
Λ/Y . We also equip these

with the structure of (commutative) solid Hopf OY -algebras using Künneth isomorphisms

(see Proposition 5.2.9), and show that the universal character Λ ×Y Hγ → Ĝ♢
m,η lies in

Oγ−la
Λ/Y (Hγ) ⊆ O(Λ×Y Hγ).

Theorem 2. Integration against the universal character defines isomorphisms of solid Hopf
OY -algebras

DHγ/Y
∼−→ Oγ−la

Λ/Y and Dγ−la
Λ/Y

∼−→ OHγ/Y
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which are functorial in (Λ, V, γ), compatible with base change in Y , and naturally dual.

We also prove an equivariance for actions of Sym• V and Sym• V ∗ in this setting that
specializes to Proposition 1.1.2, see Proposition 6.4.2 and Proposition 6.4.4. We will say
more about the proof of Theorem 2 in §1.5.

1.3.3. If Y = Spd(R,R+) comes from a seminormal rigid space over a non-archimedean
field K/Qp and V is a trivial vector bundle, we use Theorem 2 to deduce an extension
of Theorem 1 where the objects are now solid Hopf R-algebras, see Corollary 6.3.4. This
works also when (R,R+) is a diamantine Huber pair (e.g. affinoid perfectoid), see §3.1.8.
When the character variety Hγ is the base change of a p-divisible group H over R+, we
also establish in Theorem 7.2.6 a compatibility between this result and an integral Fourier
theory for H described in Theorem 7.0.2 (this integral Fourier theory is a consequence of
Cartier duality for finite flat groups schemes; see the introduction to §7 for more details).

Remark 1.3.4. The integral compatibility has some interesting consequences related to subtle
problems in the comparison of norms on completed tensor products and explicit cases of
Bhatt–Scholze’s surjectivity result for perfectoidizations of semiperfectoid rings [6, Theorem
7.4] due to Fresnel–de Mathan [16]; see Remark 7.2.4 and Corollary 7.2.7.

We give an application of these results below.

1.4. The global Eisenstein measure and distribution. Fix p > 3 and N ≥ 3 coprime
to p. Let Y be the modular curve over Spf Zp of full level N , let E be the universal elliptic
curve over Y and let ωE be the sheaf of relative differentials on E/Y.

For each n coprime to p, we adapt a construction of Katz [31] by using our integral

Fourier transform to turn the Weierstrass ℘-function into a weight two modular form Eis(n)

on Y valued in measures on TpE∨, i.e., a section

Eis(n) ∈ H0
(
Y, ω2

E ⊗OY
HomOY

(OTpE∨/Y,OY)
)
.

This measure interpolates the classical Eisenstein series defined on lattices Λ ⊂ C by

Gk(Λ) =
(−1)k(k − 1)!

2

∑
λ∈Λ\{0}

1

λk
.

Theorem 3 (see Theorem 8.2.1, Theorem 8.2.3, and Example 8.2.6).

(1) Writing HT : TpE∨ → ωE for the Hodge–Tate map, for k ≥ 3 we have∫
TpE∨

HTk−2dEis(n) = 2(1− nk)Gk ∈ H0(Y, ωk
E).

(2) The Eisenstein measure µ(n) of [29, 30] valued in Katz–Serre p-adic modular forms
is recovered, up to the constant term and a degree shift by 1 in the moments, by

evaluating Eis(n) at the canonical differential over the Katz–Igusa formal scheme.
(3) The one-variable p-adic L-functions interpolating Bernoulli-Hurwitz numbers of [29–32]

are recovered by evaluating Eis(n) at (y2 = 4x3 − 4x, dx
y ).

It is well known that the members of Katz’s Eisenstein family overconverge after passing

to the rigid generic fiberYη. On the other hand, our Eisenstein measure Eis(n) induces, after
base change to the rigid generic fiber, a global Hodge–Tate analytic Eisenstein distribution

Eis(n)η ∈ H0
(
Yη, (ω

2 ⊗DHT−la
TpE∨

η /Yη
)
)
.
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Using this Eisenstein distribution, we recover the classical overconvergence (Example 8.3.1).
By the same method, we also find that the p-adic L-functions in the p ≡ 3 mod 4 case

of Theorem 3-(3) overconverge to open neighborhoods in the supersingular locus. More
precisely, we obtain a new family of quaternionic Eisenstein series parameterized by Qp2-

analytic characters of Z×
p2 , and overconverge its members from the locus of formal CM by

Zp2 , a profinite quaternionic double coset in the supersingular locus. In fact, we make these
constructions with Zp2 replaced by any order in a quadratic extension of Qp (Example 8.3.2).

1.5. Functional analysis and sheaf theory. We now make some comments on the proof
of Theorem 2. The overall strategy of proof is the same as discussed in §1.2, and a signifi-
cant portion of this paper is devoted to building a sheaf-theoretic formalism to handle the
reduction to affinoid perfectoids where the Zp-local system Λ and OY -module V are both
free (generalizing the descent from C in the proof of Theorem 1).

Remark 1.5.1. When discussing p-adic functional analysis, we have elected to use the lan-
guage of condensed mathematics over the more classical language of locally convex spaces.
This has several benefits: First, v-sheaves automatically give rise to sheaves of condensed
modules, since covers by profinite sets are naturally covers in the v-topology. This means
that the topologies on our sheaves are already encoded in the geometry of the situation.
Second, the category of condensed (or solid) modules over a ring satisfies many favorable
properties which one does not have in the usual category of locally convex topological spaces
(e.g., it is a Grothendieck abelian category with a symmetric monoidal structure satisfying
Grothendieck’s axioms (AB4), (AB5), (AB3*) and (AB4*)). Many of our proofs exploit this
extra structure.

Finally, when working over a non-archimedean field, the standard condensed objects
(Banach/Fréchet spaces etc.) which appear in this article often coincide with their classical
analogue as considered in [42] or [39] for example. See [40] for the comparison when the field
is a finite extension of Qp, and Appendix A for part of the comparison over an arbitrary
uniform Qp-Banach algebra. Thus, the condensed theory can be seen as a natural extension
of the classical theory. We note, however, that it is not at all clear whether the classical
theory generalizes well to general uniform Banach algebras (although [17] develops some
theory over affinoid algebras), whereas the condensed perspective is well-suited to handle
this relative setting.

1.5.2. We now highlight some important technical results in the paper. For example,

we prove that the sheaves OH/Y ,DH/Y ,Oγ−la
Λ/Y ,Dγ−la

Λ/Y are reflexive and that they satisfy a

Künneth formula with respect to the solid tensor product of sheaves of OY -modules, see
Proposition 5.1.1 and 5.2.9. Proving these two propositions uses essentially all of the theory
developed in Sections 2 and 3. A crucial ingredient here is the flatness for the solid tensor
product of (strongly countably) Fréchet modules for arbitrary uniform (R,R+) over (Qp,Zp),
see Proposition 2.4.3. This proposition relies on input from the theory of solid functional
analysis over R developed by Bosco in [7, Appendix A] (following Clausen-Scholze).

Along the way, we also show that the internal hom on the v-site is related to the inter-
nal hom in condensed modules, see §6.3.3. This is what allows us to deduce Theorem 1
from Theorem 2. To prove this, we establish a “quasi-coherence” property for the sheaves

OH/Y ,DH/Y ,Oγ−la
Λ/Y ,Dγ−la

Λ/Y over fiercely v-complete bases (see Definition 3.1.9) when V , the

codomain of γ, is free. See Proposition 5.1.1-(1) and 5.2.9-(1) for precise statements. Prov-
ing this quasicoherence for (locally strongly countably) Fréchet sheaves such as OH/Y and
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Dγ−la
Λ/Y makes crucial use of the flatness mentioned above to commute inverse limits and solid

tensor products.

1.6. Leitfaden. In §2, we develop the results in p-adic functional analysis needed for this
article in the language of condensed mathematics. After this, we discuss the theory of
sheaves on small v-stacks in §3, and explain how one can naturally view these objects as
sheaves of condensed modules. In particular, we extend the theory developed in §2 to
the setting of v-sheaves. With these preliminary results at hand, we then introduce and
study (families of) p-divisible v-groups over small v-stacks in §4, and sheaves of functions
associated with such v-groups in §5 (with the key results being Propositions 5.1.1 and 5.2.9).
In §6, we construct the Fourier transforms, establish their equivariance properties, and show
that they are isomorphisms, see Theorem 6.3.1 and Corollary 6.3.4. We then discuss our
main theorem over a field K in classical language in §6.5, and compare with [41]. In §7,
we construct integral Fourier transforms for p-divisible groups in the sense of Tate over p-
adically complete rings, and prove a compatibility with the rigid analytic Fourier transforms
of Corollary 6.3.4. In §8, we apply our results to construct the global Eisenstein measure
and distribution, then study its properties. In the appendix, we compare a small part of
§2 with the theory of topological modules over uniform Banach Qp-algebras, and conclude
with a discussion of the Amice transform.
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2. Condensed functional analysis

In this section we will develop the theory of solid condensed functional analysis over
uniform Banach Qp-algebras, inspired by and mostly following [45], [40], [7, Appendix A].
In §2.1, we discuss the basic theory of solid modules over p-adically complete rings and
the relation to topological modules, and in §2.2, we introduce certain standard Banach
and Smith modules, and compute their duals. In §2.3, we discuss the theory of trace-class
and compact type morphisms. In §2.4, we introduce (strongly countable) Fréchet modules,
prove that these are always flat (Proposition 2.4.3), and use this property to describe their
interactions with tensor products and duals (Proposition 2.4.10 and Corollary 2.4.11).

2.1. Preliminaries. Fix an uncountable strong limit cardinal κ and let Profκ denote the
category of profinite sets of cardinality at most κ, see [45, Remark 1.3]. Recall that the
category of κ-small condensed sets (abelian groups, rings,...) is defined to be the category
of sheaves of sets (abelian groups, rings,...) on Profκ with respect to the topology of finite
jointly surjective families of maps, see [45, Definition 2.1]. The category of condensed sets



p-ADIC FOURIER THEORY IN FAMILIES 9

(abelian groups, rings,...) is defined to be the filtered colimit over all κ as above of the
category of κ-small condensed sets (abelian groups, rings,...), see [45, Definition 2.11].

The category of condensed abelian groups is a Grothendieck abelian category satisfying
Grothendieck’s axioms (AB4), (AB5), (AB3*) and (AB4*), see [45, Theorem 1.10], which
moreover admits all (small) limits and colimits.

2.1.1. If R is a κ-small condensed ring, then a κ-small R-module is a sheaf of R-modules on
Profκ. Taking the colimit over κ, we obtain the abelian tensor category ModcondR , which is
simply the category of R-modules in condensed abelian groups. This category is an abelian
category admitting all (small) limits and colimits, which moreover satisfies Grothendieck’s
axioms (AB4), (AB5), (AB3*) and (AB4*). Indeed, this follows from the case of condensed
abelian groups discussed above (since limits and colimits can be computed on the underlying
condensed abelian group, and since exactness can be tested on the underlying condensed
abelian group). If R = Z, then ModcondZ is simply the category of condensed abelian groups,

and we will denote it by ModcondZ .

2.1.2. Recall from [45, Definition 5.1] the notion of a solid abelian group. The full sub-

category ModsolidZ ⊂ ModcondZ consisting of solid abelian groups is closed under (small)
colimits and limits, and extensions, see [45, Theorem 5.8]. Therefore, it also satisfies

Grothendieck’s axioms (AB4), (AB5), (AB3*) and (AB4*). The category ModsolidZ has
a symmetric monoidal structure given by the solid tensor product ⊗■

Z .

If R is a condensed commutative ring whose underlying abelian group is solid, then we
can consider the category ModsolidR ⊂ ModcondR of condensed R-modules whose underlying
abelian group is solid. This subcategory is closed under (small) colimits and limits, and
extensions, see [45, Theorem 5.8]. Therefore, it also satisfies Grothendieck’s axioms (AB4),

(AB5), (AB3*) and (AB4*). The category ModsolidR has a symmetric monoidal structure
given by the solid tensor product ⊗■

R.

2.1.3. There is a functor from topological spaces (abelian groups, rings,...) to condensed
sets (abelian groups, rings,...) sending V to the condensed set V whose value on a κ-small
profinite set S is the set C0(S, V ) of continuous functions from S to V , see [45, Example
1.5]. The functor V 7→ V is fully faithful when restricted to V whose underlying topological
space is compactly generated (e.g., metrizable), see [45, Proposition 1.7].

The functor V 7→ V has a left adjoint given by M 7→ M(∗)top, which is a certain way
to topologize the evaluation of the condensed set M on the one-point profinite set ∗. By
construction, the topological space M(∗)top is compactly generated.

Lemma 2.1.4. For X = lim−→i
Xi a countably indexed filtered direct limit of discrete topo-

logical spaces, the natural map

lim−→
i

Xi → X

is an isomorphism.

Proof. It suffices to show that continuous maps S → X, with S a profinite set, factor
through Xi for some i. Since S is profinite and X is discrete, the image of a continuous
map is compact hence finite; the lemma follows. □
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2.1.5. If R is a topological ring, then we will write ModcondR = ModcondR for the category of
condensed R-modules. If R is a topological ring and M is a topological R-module, then M
is naturally an R-module.

Lemma 2.1.6. Let R be a topological ring. If M,N are compactly generated4topological
R-modules, then the natural map

homC0,R(M,N)→ homR(M,N)

is a bijection.

Proof. As mentioned in §2.1.3, the fully faithfulness for compactly generated topological
spaces is [45, Proposition 1.7]. The condition for a morphism f : M → N of topologi-
cal spaces to be a homomorphism of R-modules comes down to the commutativity of the
diagrams

M ×M N ×N

M N

f×f

f

M ×A N ×A

M N.

f×IdA

f

Since the functor from topological spaces to condensed sets commutes with products and
is faithful, the commutativity of these diagrams can be checked after passing to condensed
sets. Thus a continuous map M → N is a homomorphism of R-modules if and only if the
induced map M → N is a homomorphism of R-modules. □

2.1.7. For a condensed ring R and condensed R-modules M,N , we will write HomR(M,N)
for the internal hom in the category of condensed R-modules. If R is a topological ring and
M a topological R-module, then for a profinite set S we will write MS = C0(S,M) for the
set of continuous functions f : S → M equipped with the compact open topology. If R
and M are compactly generated Hausdorff, then this is a topological R-module, because
C0(S,M) is the internal hom in the category of Hausdorff compactly generated topological
spaces, see [9, Theorem 5.14].

Lemma 2.1.8. Let R be a topological ring and M,N be topological R-modules. If R,N,M
are compactly generated and Hausdorff, then for a profinite set S there is a natural bijection

HomR(M,N)(S)→ homC0,R(M,NS).

Proof. Write π−1 for the functor which takes sheaves on profinite sets and restricts them
to the category of profinite sets over S. It has a right adjoint π∗ which takes a sheaf F on
profinite sets over S and sends it to the sheaf T 7→ F (S × T ). Using the definition and the
adjunction we find that

HomR(M,N)(S) := homπ−1R(π
−1M,π−1N)

= homR(M,π∗π
−1N).

The sheaf π∗π
−1N is given by

T 7→ C0(T × S,N)

which we claim is naturally isomorphic to T 7→ C0(T,C0(S,N)). This claim follows from
the fact that C0(S,N) is the internal hom in the category of weakly Hausdorff compactly
generated topological spaces, see [9, Theorem 5.14] (here we are using the fact that N is

4By this we always mean compactly generated as a topological space.
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compactly generated Hausdorff); in particular C0(S,N) is itself compactly generated. Thus
we have identified π∗π

−1N = C0(S,N) and by Lemma 2.1.6 we see that

homR(M,C0(S,N)) = homC0,R(M,C0(S,N)).

□

Lemma 2.1.9. Let N be a p-adically complete and separated topological abelian group with
the p-adic topology and let S be a profinite set. Then the p-adic topology on C0(S,N) agrees
with the compact-open topology.

Proof. Since S is compact Hausdorff, the compact-open topology on C0(S,N) is compactly
generated. We now use the fact that C0(S,N), with the compact-open topology, is the in-
ternal hom in the category of compactly generated and weakly Hausdorff topological spaces,
see [9, Theorem 5.14]. It follows from this that

C0(S,N) = C0(S, lim←−
n

N/pn)

= lim←−
n

C0(S,N/pn),

and thus it suffices to prove that the compact open topology on C0(S,N/pn) is the discrete
topology. Let f : S → N/pn be a continuous map; we will show that {f} ⊂ C0(S,N/pn) is
open. Note that f takes finitely many values r1, · · · , rk whose preimages give an open cover
K1, · · · ,Kk of S. Per definition of the compact-open topology, the subsets Ui ⊂ C0(S,N/pn)
of continuous functions g taking Ki to ri are open. Now {f} = ∩ki=1Ui, so that {f} is
open. □

2.1.10. Let R+ be a p-adically complete and separated ring, and let M,N be p-adically
complete and separated R+-modules whose topology is the p-adic topology.

Proposition 2.1.11. If M is flat for the solid tensor product over R+, and N and R+ are
p-torsion free, then the condensed R+-module M⊗̂R+N is isomorphic to the solid tensor

product M ⊗■
R+ N .

Proof. For a profinite set S = lim←−i
Si we compute

C0(S,M⊗̂R+N) = C0(S, lim←−
n

(M/pn ⊗R+/pn N/pn))

= lim←−
n

(
C0(S,M/pn ⊗R+/pn N/pn)

)
= lim←−

n

(
lim−→
i

C0(Si,M/pn ⊗R+/pn N/pn)

)
.

where the last equality follows from M/pn ⊗R+/pn N/pn having the discrete topology. Now
we use the fact that tensor products commute with finite products and with colimits to see

lim←−
n

(
lim−→
i

C0(Si,M/pn ⊗R+/pn N/pn)

)
= lim←−

n

(
lim−→
i

C0(Si,M/pn)⊗C0(Si,R+/pn) C
0(Si, N/pn)

)
= lim←−

n

(
C0(S,M/pn)⊗C0(S,R+/pn) C

0(S,N/pn)
)

= lim←−
n

(M/pn ⊗R+/pn N/pn)(S).
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So we see that the condensed R+-module M⊗̂R+N is given by the p-adic completion of the
(non-solid) condensed tensor product, i.e.,

M⊗̂R+N = lim←−
n

(M/pn ⊗R+/pn N/pn) = lim←−
n

(
(M ⊗R+ N)/pn

)
.

Now for the solid tensor product we use the flatness to write

M ⊗■
R+ N = M ⊗■,L

R+ N.

It then follows from [8, Lemma A.3], that the right hand side is derived p-adically complete.
We can thus compute

M ⊗■,L
R+ N = R lim←−

n

(
(M ⊗■,L

R+ N)⊗■,L
R+ R+/pn

)
= R lim←−

n

(
M ⊗■,L

R+ R+/pn ⊗L,■
R+ N

)
= R lim←−

n

(
M ⊗■

R+ R+/pn ⊗L,■
R+ N

)
= R lim←−

n

(
M/pn ⊗L,■

R+ N
)

= R lim←−
n

(
M/pn ⊗L,■

R+/pn R+/pn ⊗L,■
R+ N

)
.

where the third equality uses the flatness of M . We now claim that R+/pn ⊗L,■
R+ N is

isomorphic to N/pn since N is p-torsion free: For this we first note that R+/pn ⊗L,■
R+ N ≃

Z/pnZ ⊗L,■
Z N (this uses the assumption that R+ is p-torsion free). Now N(S) is torsion

free for all S because N is torsion free, hence N is flat for the (non-solid) condensed tensor
product, see [8, Lemma A.5]. We see that

Z/pnZ⊗L
Z N ≃ Z/pnZ⊗Z N

= N/pn.

This is already solid, and so its derived solidification equals itself (see [45, Theorem 6.2 and

the paragraph following it]), and so we get R+/pn ⊗L,■
R+ N ≃ N/pn. We now continue with

our computation:

= R lim←−
n

(
M/pn ⊗L,■

R+/pn N/pn
)

= R lim←−
n

(
M/pn ⊗■

R+/pn N/pn
)

= R lim←−
n

(
M/pn ⊗R+/pn N/pn

)
= lim←−

n

(
M/pn ⊗R+/pn N/pn

)
,

where, in the second equality we have used that M/pn is a flat R+/pn-module, and p-
adic completeness of M,N has been used in the last step. This finishes the proof of the
lemma. □

Remark 2.1.12. The assumption that M and N have the p-adic topology is necessary.
Indeed, let R = Zp, N = Zp[[T ]] with the (p, T )-adic topology and M = Zp⟨X⟩ (the p-adic
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completion of Zp[X]). In this case M⊗̂ZpN is the (T, p)-adic completion of Zp[T,X] while

M ⊗■
Zp

N is the (condensed module associated with the) p-adic completion of Zp[[T ]][X]

(which is not T -adically complete).

2.2. Standard modules. Let (R,R+) be a uniform Huber pair over (Qp,Zp), so that R+

is a p-adically complete and separated ring. We define for an index set I the solid R+ (resp.
R)-modules

⊕̂IR
+ := lim←−

n

⊕IR
+/pn

⊕̂IR := (⊕̂IR
+)[ 1p ].

As suggested by the notation, the module ⊕̂IR does not depend on the choice of R+.
The module ⊕̂IR

+ is solid because it is an inverse limit of discrete R+-modules, which
are automatically solid. Inverting p is a filtered colimit, and therefore ⊕̂IR is also solid. We
will refer to solid R-modules isomorphic to ⊕̂IR as orthonormalizable Banach R-modules.
For an index set I we also consider the solid R+ (resp. R)-modules∏

I R
+, (

∏
I R

+) [ 1p ],

where we note as before that the second module does not depend on the choice of R+. We
will refer to solid R-modules isomorphic to (

∏
I R

+)[ 1p ] as free Smith R-modules. When

I is countable, then we will call these modules countably orthonormalizable Banach and
countably free Smith.

2.2.1. For an index set I, we can also form the topological R+-modules

⊕̂IR
+ := lim←−

n

⊕IR
+/pn,

∏
I R

+,

with the p-adic and product topologies respectively. Since M 7→ M commutes with limits
and takes direct sums of discrete modules to direct sums, see Lemma 2.1.4, it follows that
the natural maps

⊕̂IR
+ → ⊕̂IR

+∏
I R

+ →
∏

I R
+

are isomorphisms. We also have the following lemma (which we do not generally expect to
hold for the product when I is not countable).

Lemma 2.2.2. The topological spaces ⊕̂IR
+ and ⊕̂IR are compactly generated and Haus-

dorff. If I is countable, then the topological spaces
∏

I R
+ and (

∏
I R

+)[ 1p ] are compactly

generated and Hausdorff.

Proof. The topological ring R+ has the p-adic topology, which is metrisable (since R+ is
complete and separated for the p-adic topology) hence compactly generated and Hausdorff.
The topological abelian group ⊕̂IR

+ has the p-adic topology, which is metrisable and there-
fore compactly generated; it is Hausdorff because ⊕̂IR

+ is p-adically separated. It follows
that ⊕̂IR is compactly generated and Hausdorff as it is a countably direct limit of com-
pactly generated Hausdorff topological spaces under open and closed transition maps. The
module

∏
I R

+ is a countable product of metrisable (Hausdorff) spaces which is (Hausdorff)
metrisable, see [23, Satz 4.4.12 on p. 117], and thus compactly generated Hausdorff. It
follows similarly to before that (

∏
I R

+)[ 1p ] is compactly generated and Hausdorff. □
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2.2.3. Recall the completed tensor ⊗̂ product of linearly topologized modules over linearly
topologized rings (in the sense of [48, Tag 07E7]), see [48, Tag 0AMU].

Lemma 2.2.4. If R+ → B+ is a morphism of p-complete rings, then the natural maps

(⊕̂IR
+)⊗̂R+B+ → ⊕̂IB

+

(⊕̂IR
+)⊗̂R+(⊕̂JR

+)→ ⊕̂I×JR
+

are isomorphisms.

Proof. This follows directly from the definition of the completed tensor product, and the
fact that (usual) tensor products commute with direct sums. □

2.2.5. We now study properties of these standard modules.

Lemma 2.2.6. If (R,R+) is a uniform Huber pair, then ⊕̂IR
+ is flat for the solid tensor

product.

Proof. First of all,
∏

I Z is flat for the solid tensor product over Z because it is torsion free,
see [8, Lemma A.5]. By [7, Lemma A.19] we have

∏
I Z ⊗Z Zp =

∏
I Zp which is therefore

flat for the solid tensor product over Zp. By [8, Lemma A.4], we can write ⊕̂IZp as a filtered

colimit of objects isomorphic to
∏

I Zp and it is thus flat for the solid tensor product over

Zp. It follows from Proposition 2.1.11 and Lemma 2.2.4 that ⊕̂IZp ⊗■
Zp

R+ = ⊕̂IR
+, which

is hence flat for the solid tensor product over R+. □

Proposition 2.2.7. Let (R,R+) → (B,B+) be a morphism of uniform Huber pairs over
(Qp,Zp). For any index set I, the natural maps

⊕̂IR
+ ⊗■

R+ B+ ∼−→ ⊕̂IB
+ and ⊕̂IR⊗■

R B
∼−→ ⊕̂IB

are isomorphisms. Moreover, for any two index sets I and J , the natural maps

⊕̂IR
+ ⊗■

R+ ⊕̂JR
+ → ⊕̂I×JR

+ and (⊕̂IR)⊗■
R (⊕̂JR)→ ⊕̂I×JR

are isomorphisms.

Proof. Because the solid tensor product commutes with inverting p, it suffices to prove the
first and the third isomorphisms. By Proposition 2.1.11 and Lemma 2.2.6, these reduce to
a computation for the completed tensor product, where it is Lemma 2.2.4. □

2.2.8. Recall that we write HomR+ and HomR for the internal hom in condensed R+-
modules or condensed R-modules.

Proposition 2.2.9. The natural maps

HomR+

(
⊕̂IR

+, R+
)
→
∏

i∈I R
+

HomR

(
⊕̂IR,R

)
→
(∏

I R
+
)
[ 1p ]

are isomorphisms. If I is countable, then the natural maps

⊕̂IR
+ →HomR+ (

∏
I R

+, R+)

⊕̂IR→HomR

(
(
∏

I R
+) [ 1p ], R

)
are isomorphisms.
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Proof. For the first claim, we follow the proof of [40, Lemma 3.10]: We note that

HomR+

(
⊕̂IR

+, R+
)
= lim←−

n

HomR+/pn

(
⊕IR

+/pn, R+/pn
)

= lim←−
n

∏
I R

+/pn

=
∏

I R
+.

The second claim follows from the first claim once we establish that the natural map

HomR+

(
⊕̂IR

+, R+
)
[ 1p ]→HomR

(
⊕̂IR,R

)
.

is an isomorphism. Using Lemma 2.1.8 (whose assumptions are satisfied by Lemma 2.2.2),
we can identify this map (on S points for a profinite set S) with the natural map

homC0,R+(⊕̂IR
+, R+

S )[
1
p ]→ homC0,R(⊕̂IR,RS).

This map is a bijection since any continuous map of Qp-Banach spaces is bounded. For the
third claim, we consider

HomR+ (
∏

I R
+, R+) = lim←−

n

HomR+/pn (
∏

I R
+/pn, R+/pn) .

This receives a natural map from ⊕̂IR
+,

(2.2.1)

⊕̂IR
+ = lim←−

n

⊕I HomR+/pn

(
R+/pn, R+/pn

)
→ lim←−

n

HomR+/pn (
∏

I R
+/pn, R+/pn) ,

by taking the natural map termwise in the limit. We claim that this map is an isomorphism.
We can check this on S-points for profinite sets S, and by Lemma 2.1.8 applied to R+/pn

(whose assumptions hold because
∏

I R
+/pn is compactly generated), we can identify the

natural map on S-points with

lim←−
n

⊕I HomC0,R+/pn

(
R+/pn, R+

S /p
n
)
→ lim←−

n

HomC0,R+/pn

(∏
I R

+/pn, R+
S /p

n
)
.

Now R+
S /p

n has the discrete topology (see Lemma 2.1.9), and so every continuous R+/pn-

linear map
∏

I R
+/pn → R+

S /p
n has kernel containing

∏
J{0}×

∏
I\J R+/pn for some finite

J ⊆ I. This implies that (2.2.1) is a bijection and the third claim follows.

For the final claim of the proposition, it suffices to show that the natural map

HomR+ (
∏

I R
+, R+) [ 1p ]→HomR

(
(
∏

I R
+) [ 1p ], R

)
is an isomorphism. We can check this on S-points for profinite sets S, and then using
Lemma 2.1.8 (using Lemma 2.2.2 to check its assumptions), we can identify this with

homC0,R+

(∏
I R,R+

S

)
[ 1p ]→ homC0,R

(
(
∏

I R
+) [ 1p ], RS

)
.

This map is a bijection because the image of
∏

I R
+ under any continuous morphism

(
∏

I R
+)[ 1p ] → RS is bounded: Indeed, the preimage of R+

S intersected with
∏

I R
+ is

open and contains 0, thus, by the definition of the product topology, contains a set of the
form (

∏
j∈J pnjR+)×

∏
I\J R+ for some J ⊆ I finite, but then, taking n = maxj∈J(nj), we

see
∏

I R
+ maps into p−nR+

S . □
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2.2.10. We have the following complement to Propositions 2.2.9 and 2.2.7.

Proposition 2.2.11. Let (R,R+) → (B,B+) be a morphism of uniform Huber pairs over
(Qp,Zp). If I, J are countable sets, then the natural maps

⊕̂IB
+ →HomB+

(∏
I R

+ ⊗■
R+ B+, B+

)
⊕̂IB →HomB

(
(
∏

I R
+) [ 1p ]⊗

■
R B,B

)
are isomorphisms. Moreover, the natural maps

⊕̂I×JR
+ →HomR+

(∏
I R

+ ⊗■
R+

∏
J R+, R+

)
⊕̂I×JR→HomR+

(
(
∏

I R
+) [ 1p ]⊗

■
R (
∏

J R+) [ 1p ], R
)

are isomorphisms.

Proof. For the first isomorphism, we notice that by the tensor-hom adjunction we have

HomB+

(∏
I R

+ ⊗■
R+ B+, B+

)
= HomR+ (

∏
I R

+, B+) .

Let S be a profinite set. Then it follows from Lemma 2.1.8 (whose assumptions hold by
Lemma 2.2.2), that we may identify

HomR+ (
∏

I R
+, B+) (S) = homC0,R+

(∏
I R

+, B+
S

)
= lim←−

n

homC0,R+

(∏
I R

+/pn, B+
S /pn

)
.

Arguing with the product topology as in the proof of Proposition 2.2.9, we further identify

lim←−
n

homC0,R+

(∏
I R

+/pn, B+
S /pn

)
= lim←−

n

⊕I homR+

(
R+/pn, B+

S /pn
)

= lim←−
n

⊕IB
+
S /pn

= (⊕̂IB
+)(S).

For the second isomorphism, we consider the commutative diagram (for a profinite set S)

HomR+ (
∏

I R
+, B+) (S)[ 1p ] homC0,R+

(∏
I R

+, B+
S

)
[ 1p ]

HomR

(
(
∏

I R
+) [ 1p ], B

)
(S) homC0,R

(
(
∏

I R
+) [ 1p ], BS

)
.

By the tensor-hom adjunction and the first claim of the Proposition, it suffices to show that
the left vertical arrow is an isomorphism. The top horizontal arrow is an isomorphism by the
case handled above, and it follows as in the proof of Proposition 2.2.9 that the right vertical
arrow is an isomorphism. The bottom horizontal arrow is an isomorphism by Lemma 2.1.8
(using Lemma 2.2.2 to verify the assumptions), and so we are done.

For the third isomorphism we use Proposition 2.2.9 and the tensor-hom adjunction to
write

HomR+

(∏
I R

+ ⊗■
R+

∏
J R+, R+

)
= HomR+

(∏
I R

+,HomR+ (
∏

J R+, R+)
)

= HomR+

(∏
I R

+, ⊕̂JR
+
)
.
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Let S be a profinite set. Then it follows from Lemma 2.1.8 (whose assumptions hold by
Lemma 2.2.2), that

HomR+

(∏
I R

+, ⊕̂JR
+
)
(S) = homC0,R+

(∏
I R

+,
(
⊕̂JR

+
)
S

)
= homC0,R+

(∏
I R

+, ⊕̂JR
+
S

)
,

where we used Lemma 2.1.9 and Lemma 2.1.4 in the last step. We further compute

homC0,R+

(∏
I R

+, ⊕̂JR
+
S

)
= lim←−

n

homC0,R+/pn

(∏
I R

+/pn,⊕JR
+
S /p

n
)

= lim←−
n

⊕I homR+/pn

(
R+/pn,⊕JR

+
S /p

n
)
,

where the last step follows by arguing with the product topology as in the proof of Propo-
sition 2.2.9. Continuing, we get (using Lemma 2.1.4 in the second step)

lim←−
n

⊕I homR+/pn

(
R+/pn,⊕JR

+
S /p

n
)
= lim←−

n

⊕I ⊕J R+
S /p

n

= lim←−
n

⊕I×JR
+
S /p

n

=
(
⊕̂I×JR

+
)
(S).

For the final isomorphism, we consider the commutative diagram (for a fixed profinite
set S)

HomR+

(∏
I R

+, ⊕̂JR
+
)
(S)[ 1p ] homC0,R+(

∏
I R

+, ⊕̂JR
+
S )[

1
p ]

HomR((
∏

I R
+)[ 1p ], ⊕̂JR)(S) homC0,R

(
(
∏

I R
+)[ 1p ], ⊕̂JRS

)
.

By the tensor-hom adjunction and the third claim of the proposition, it suffices to show that
the left vertical arrow is an isomorphism. The top horizontal arrow is an isomorphism by the
case handled above, and it follows as in the proof of Proposition 2.2.9 that the right vertical
arrow is an isomorphism. The bottom horizontal arrow is an isomorphism by Lemma 2.1.8
(using Lemma 2.2.2 to verify the assumptions), so we are done. □

Remark 2.2.12. It is not true in general that the natural map (
∏

I R
+)⊗■

R+ B+ →
∏

I B
+

is an isomorphism, see Remark 2.1.12 and [2, Theorem 3.27].

2.3. Compact type and trace-class maps. Let (R,R+) be a uniform Huber pair over
(Qp,Zp). Recall from [7, Definition A.44] that a morphism f : M → N of solid R-modules
is said to be trace-class if f is in the image of the natural map(

HomR(M,R)⊗■
R N

)
(∗)→ homR(M,N).

More concretely, writing M∗ = HomR(M,R), there is a morphism g : R→M∗ ⊗■
R N such

that f is equal to the composition

M = M ⊗■
R R

1⊗g−−→M ⊗■
R M∗ ⊗■

R N
ev⊗1−−−→ N

where ev : M ⊗■
R M∗ → R denotes the natural map (given by evaluation). The following

lemma captures some of the basic properties of trace-class morphisms.

Lemma 2.3.1. Let (R,R+)→ (B,B+) be a morphism of uniform Huber pairs over (Qp,Zp)
and let f : M → N, f ′ : M ′ → N ′ be morphisms of solid R-modules.



18 ANDREW GRAHAM, POL VAN HOFTEN, AND SEAN HOWE

(1) If f is trace-class, then so is f ⊗ 1B : M ⊗■
R B → N ⊗■

R B.

(2) If f and f ′ are trace class, then so is f ⊗ f ′ : M ⊗■
R M ′ → N ⊗■

R N ′.

(3) If f is trace class, then there exists a (not necessarily unique) dotted arrow in the
commutative diagram

M N

M∗∗ N∗∗,

f

f∗∗

making both triangles commute. Moreover, the map f∗∗ is also trace-class.

Proof. The first statement follows directly from examining the commutative diagram(
HomR(M,R)⊗■

R N
)
(∗) homR(M,N)

(
HomB(M ⊗■

R B,B)⊗■
B N ⊗■

R B
)
(∗) homB(M ⊗■

R B,N ⊗■
R B).

The second statement follows directly from the commutative diagram

M ⊗■
R M ′ ⊗■

R

(
M ⊗■

R M ′
)∗
⊗■

R N ⊗■
R N ′

M ⊗■
R M ′ M ⊗■

R M ′ ⊗■
R M∗ ⊗■

R M
′∗ ⊗■

R N ⊗■
R N ′ N ⊗■

R N ′.

The third statement follows directly from the commutative diagram

M∗∗ ⊗■
R M∗∗∗ ⊗■

R N∗∗ N∗∗

M∗∗ M∗∗ ⊗■
R M∗ ⊗■

R N

M M ⊗■
R M∗ ⊗■

R N N.

□

2.3.2. Let (R,R+) be a uniform Huber pair over (Qp,Zp). Following [40, Definition 3.33],
we define a morphism f : M → N of solid R-modules to be compact if the induced map

N∗ →M∗

is trace-class. Compact morphisms are not preserved under base change or tensor products
in general: Consider R = Qp⟨T ⟩, M = N = ⊕̂ZQp, viewed as a module supported at T = 0,
and f the identity map — since M∗ = N∗ = 0, the map f is trivially compact, but its base
change to Qp is not compact. However, we do have the following result.

Lemma 2.3.3. Let (R,R+)→ (B,B+) be a morphism of uniform Huber pairs over (Qp,Zp)
and let f : M → N, f ′ : M ′ → N ′ be morphisms of solid R-modules. Suppose that
M,N,M ′, N ′ are direct summands of countably orthonormalizable R-modules.
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(1) If f is compact, then f ⊗ 1B : M ⊗■
R B → N ⊗■

R B is compact (as a morphism of

solid B-modules).
(2) If f and f ′ are both compact, then f ⊗ f ′ : M ⊗■

R M ′ → N ⊗■
R N ′ is compact.

Proof. For the first statement, we note that it follows from Propositions 2.2.9 and 2.2.11
and the exactness of idempotent projection, that the natural map

M∗ ⊗■
R B → (M ⊗■

R B)∗

identifies the target with the double dual of the source. It follows from Lemma 2.3.1-(1)
that N∗⊗■

RB →M∗⊗■
RB is trace class, and then from Lemma 2.3.1-(3) that (N⊗■

RB)∗ →
(M ⊗■

R B)∗ is trace-class. For the second statement, a similar argument works once we note
that

M∗ ⊗■
R N∗ → (M ⊗■

R N)∗

identifies the target with the double dual of the source; this follows from Propositions 2.2.9
and 2.2.11 and the exactness of idempotent projection. □

2.4. Fréchet modules and flatness. Let R be a Qp-Banach algebra. Recall that ModcondR

denotes the category of condensed R-modules, and that ModsolidR denotes the subcategory of
solid modules (i.e., modules over the analytic ring (R,Z)■ from [7, Proposition A.29], noting

that R is solid). Let ModnucR denote the full subcategory of ModsolidR consisting of nuclear
R-modules (as in Definition A.40 of op.cit.). Note that R is a nuclear solid Qp-algebra
(Corollary A.50 in op.cit.).

Here are some properties of nuclear R-modules.

(1) ModnucR is an abelian category stable under the solid tensor product ⊗■
R, finite limits,

countable products, and all colimits (see [7, Theorem A.43]).
(2) Orthonormalizable Banach R-modules are nuclear and flat for the solid tensor prod-

uct ([7, Proposition A.55.(iii)]). Also, ModnucR is generated under colimits by or-
thonormalizable Banach R-modules ([7, Proposition A.55.(ii)]).5

(3) The subcategory of ModnucR generated under filtered colimits by orthonormalizable
Banach R-modules is stable under countable products ([7, Proposition A.57]).

2.4.1. Consider the following definition.

Definition 2.4.2. We say a condensed R-module M is strongly Fréchet if it is isomorphic
to the limit of a countable inverse system {Mn} where each Mn is a direct summand of an or-
thonormalizable Banach R-module, and where the transition maps Mn+1(∗)top →Mn(∗)top
have dense image. We say M is strongly countably Fréchet if each Mn is a direct summand
of a countably orthonormalizable Banach R-module. We say that M is of compact type if
the transition maps Mn+1 →Mn are compact.

We have the following crucial technical result about strongly Fréchet R-modules.

Proposition 2.4.3. If M is a strongly Fréchet R-module, then M is flat for the solid tensor
product ⊗■

R.

5We note that the objects denoted by HomA(A[S], A) in the statement of [7, Proposition A.55.(ii)] are
orthonormalizable Banach, and conversely any orthonormalizable Banach module is of this form. Indeed,

this follows from [7, Lemma A.52] and [7, Proposition A.55.(i)].
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Proof. Let M ≃ lim←−Mn as above. Since the forgetful functor ModcondR → ModcondQp
has a

left-adjoint, and exactness of sequences can be checked after composing with this forgetful
functor, one has a short exact sequence

0→M →
∏

n Mn
s−→
∏

n Mn → 0

where the map s is the identity minus the transition morphisms. Here we are using [7,
Lemma A.37] with F = Qp to deduce that the sequence is exact on the right. Now each Mn

is a direct summand of an orthonormalizable Banach R-module Nn, and it follows that∏
n Mn ⊂

∏
n Nn

is also the inclusion of a direct summand (take the product of the idempotents). By prop-
erties (1) and (2) above (second paragraph of §2.4), the module

∏
n Nn is nuclear, and by

property (3), it can be written as a filtered colimit of orthonormalizable Banach R-modules.

Since the solid tensor product commutes with filtered colimits, the category ModsolidR satis-
fies (AB5), and orthonormalizable Banach R-modules are flat (Lemma 2.2.6), we see that∏

n Nn is flat for the solid tensor product. This implies that
∏

n Mn is flat for the solid
tensor product since direct summands of (solidly) R-flat modules are again (solidly) R-flat.

Let N be a solid R-module, and let TorR,■
i (−, N) denote the i-th left derived functor

of − ⊗■
R N . Passing to the long exact sequence for the above exact sequence, we see that

TorR,■
i (M,N) (i ≥ 1) sits in the exact sequence

TorR,■
i+1 (

∏
n Mn, N)→ TorR,■

i (M,N)→ TorR,■
i (

∏
n Mn, N).

Now, since
∏

n Mn is flat for the solid tensor product, both of the outer terms vanish (since

i ≥ 1). This implies that TorR,■
i (M,N) = 0 for all i ≥ 1 and all solid N , and hence M is

flat for the solid tensor product. □

2.4.4. We collect the following lemmas. We call an R-module M a Banach module if
M = M+[ 1p ] where M+ is a p-torsion free p-adically complete and separated topological

R+-module with the p-adic topology. Note that Banach R+-modules are automatically
metrizable, hence compactly generated.

Lemma 2.4.5. Let (R,R+) be a uniform Huber pair over (Qp,Zp), let M1 and M2 be
direct summands of orthonormalizable Banach R-modules and let N be a Banach R-module.
If f : M1 → M2 is a morphism of R-modules whose induced morphism on topological R-
modules has dense image, then the same is true for

f ⊗■
R IdN : M1 ⊗■

R N →M2 ⊗■
R N.

Proof. Using Lemma A.1.7, it suffices to prove that for i = 1, 2 we have(
Mi ⊗■

R N
)
(∗)top ≃Mi(∗)top⊗̂RN(∗)top.

This is true when Mi is orthonormalizable by Proposition 2.1.11 (because then Mi = M+
i [ 1p ]

with M+
i flat over R+ for the solid tensor product, see Lemma 2.2.6). The case of direct

summands follows from the additivity of the completed projective tensor product. □

Lemma 2.4.6. Let M = lim←−n
Mn be a strongly Fréchet R-module with presentation as in

Definition 2.4.2. Then the natural map

lim−→
n

HomR(Mn, R)→HomR(lim←−
n

Mn, R)

is an isomorphism.
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Proof. It suffices to check this on S-points for profinite sets S. By the adjunction argument
of Lemma 2.1.8, this comes down to showing that

lim−→
n

homR(Mn, RS)→ homR(M,RS)

is a bijection. Now Mn(∗)top is compactly generated and thus lim←−n
Mn(∗)top is compactly

generated.6 Since lim←−n
Mn(∗)top = M , we can use Lemma 2.1.6 to reduce to showing that

the natural map

lim−→
n

homC0,R(Mn(∗)top, RS)→ homC0,R(M(∗)top, RS)

is a bijection. Note that M is a Qp-Fréchet space and that RS is a Qp-Banach space, so
that the result follows from the proof of [40, Lemma 3.31] (here we are using the property
that M(∗)top →Mn(∗)top has dense image to conclude that any f ∈ homC0,R(M(∗)top, RS)
factors through a continuous R-linear morphism Mn(∗)top → RS , for some n). □

2.4.7. Let V = lim←−m
Vm be a strongly countably Fréchet R-module written as an inverse

limit as in Definition 2.4.2. Let {Wn} be a countable family of direct summands of or-
thonormalizable Banach R-modules. We have the following proposition.

Proposition 2.4.8. The natural map

V ⊗■
R

∏
n Wn →

∏
n

(
V ⊗■

R Wn

)
is an isomorphism.

Proof. We follow the proof of [7, Proposition A.66]: As in the proof of Proposition 2.4.3,
we can fit V in a short exact sequence

0→ V →
∏

m Vm →
∏

m Vm → 0.

We now consider the commutative diagram

0 V ⊗■
R

∏
n Wn (

∏
m Vm)⊗■

R (
∏

n Wn) (
∏

m Vm)⊗■
R (
∏

n Wn) 0

0
∏

n

(
V ⊗■

R Wn

) ∏
n

(∏
m Vm ⊗■

R Wn

) ∏
n

(∏
m Vm ⊗■

R Wn

)
0.

Note that the top row is exact because
∏

n Wn is flat by Proposition 2.4.3, and the bottom
row is exact by the exactness of countable products (AB4*). By the five-lemma, the propo-
sition reduces to the case that V =

∏
m Vm. By an argument with idempotents as in the

proof of Proposition 2.4.3, this reduces to showing that for countable index sets I and J ,
the natural map (∏

m ⊕̂IR
)
⊗■

R

(∏
n ⊕̂JR

)
−→
∏

n

(∏
m ⊕̂IR⊗■

R ⊕̂JR
)

(2.4.1)

is an isomorphism.7 By the discussion in the last paragraph of the proof of [7, Proposition
A.57] (they write A for what we call R and MA for our ⊕̂IR and we are taking F = Qp) we

6Indeed, each Mn has the p-adic topology and is thus metrizable, which shows that
∏

n Mn is also

metrizable. Now use that lim←−n
Mn ⊂

∏
n Mn is closed and thus metrizable and hence compactly generated.

7More precisely, we can assume Vm ≃ ⊕̂ImR and Wn ≃ ⊕̂JnR for countable index sets Im and Jn,
and without loss of generality, we may assume that Im = Jm = Z (since finite-free R-modules are direct

summands of ⊕̂ZR).
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can identify ∏
m ⊕̂IR =

(
⊕̂IQp

)
⊗■

Qp

(∏
m Qp

)
⊗■

Qp
R,

since ⊕̂IR = ⊕̂IQp ⊗■
Qp

R, see Proposition 2.2.7. Thus we can rewrite the left hand side of

(2.4.1) as (
⊕̂IQp

)
⊗■

Qp

(
⊕̂JQp

)
⊗■

Qp

(∏
m Qp

)
⊗■

Qp

(∏
n Qp

)
⊗■

Qp
R.

By [7, Corollary A.59], the proposition reduces to proving that the natural map(∏
m Qp

)
⊗■

Qp

(∏
n Qp

)
→
∏

n,m Qp

is an isomorphism; this is explained at the end of [7, Proposition A.66], see [7, Equation
A.22]. □

2.4.9. Let V = lim←−m
Vm and W = lim←−n

Wn be strongly countably Fréchet R-modules

written as inverse limits as in Definition 2.4.2. We have the following proposition.

Proposition 2.4.10. The natural map

V ⊗■
R W → lim←−

m,n

(
Vm ⊗■

R Wn

)
is an isomorphism.

Proof. We follow the proof of [7, Corollary A.67]. As in the proof of Proposition 2.4.3, there
is an exact sequence

0→W →
∏

n Wn →
∏

n Wn → 0.

By the flatness proved in Proposition 2.4.3, it remains exact after taking the tensor product
with V , giving

0→ V ⊗■
R W → V ⊗■

R

∏
n Wn → V ⊗■

R

∏
n Wn → 0.

Applying Proposition 2.4.8 gives us the exact sequence

0→ V ⊗■
R W →

∏
n

(
V ⊗■

R Wn

)
→
∏

n

(
V ⊗■

R Wn

)
→ 0,

which exhibits V ⊗■
R W as the projective limit lim←−n

(
V ⊗■

R Wn

)
. The same argument after

tensoring Wn with the exact sequence

0→ V →
∏

m Vm →
∏

m Vm → 0.

shows that the natural map

V ⊗■
R Wn → lim←−

m

(Vm ⊗■
R Wn)

is an isomorphism, completing the proof. □

Corollary 2.4.11. For strongly countably Fréchet R-modules V and W of compact type,
the natural map

HomR(V,R)⊗■
R HomR(W,R)→HomR(V ⊗■

R W,R)

is an isomorphism.
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Proof. Write V = lim←−Vn,W = lim←−m
Vm as before and define Hn,m = Vn ⊗■

R Wm. It follows

from Lemma 2.4.5, Lemma 2.2.6 that the transition maps Hn+1,m(∗)top → Hn,m(∗)top and
Hn,m+1(∗)top → Hn,m(∗)top have dense image. Moreover, it is clear that each Hn,m is a
direct summand of ⊕̂IR for some countable set I. If we combine this analysis with Lemma
2.3.3, we see that H = lim←−n,m

Hn,m is strongly countably Fréchet of compact type.

It now follows from Lemma 2.4.6 and Proposition 2.4.10 that we may identify the map
of the corollary with

lim−→
n,m

V ∗
n ⊗■

R W ∗
m → lim−→

n,m

H∗
n,m.

We first note that it follows from Lemma 2.3.1-(2) and Proposition 2.2.9 that the transition
maps in the direct system {V ∗

n ⊗■
R W ∗

m} are trace class. It follows as in the proof of Lemma
2.3.3 that the natural maps

V ∗
n ⊗■

R W ∗
m → H∗

n,m

identify the target with the double dual of the source. Consider the commutative diagram

V ∗
n ⊗■

R W ∗
m V ∗

n+1 ⊗■
R W ∗

m+1

H∗
n,m H∗

n+1,m+1,

where we note that the bottom arrow is the double dual of the top arrow. It follows from
Lemma 2.3.1-(3) that the dashed arrow exists in a way that makes both triangles commute.
This shows that the natural map

lim−→
n,m

V ∗
n ⊗■

R W ∗
m → lim−→

n,m

H∗
n,m

is an isomorphism. □

Corollary 2.4.12. Let V = lim←−m
Vm be a strongly countably Fréchet R-module of compact

type written as an inverse limit as in Definition 2.4.2. If (R,R+)→ (B,B+) is a morphism
of uniform Huber pairs over (Qp,Zp), then the natural map

V ∗ ⊗■
R B → (V ⊗■

R B)∗

is an isomorphism.

Proof. Using Proposition 2.4.8 and Lemma 2.4.5 we find that V ⊗■
R B

∼−→ lim←−n
(Vn ⊗■

R B)

is a strongly countably Fréchet B-module. By Lemma 2.4.6 we may moreover identify the
map of the corollary with

lim−→
n

V ∗
n ⊗■

R B → lim−→
n

(Vn ⊗■
R B)∗.

It follows as in the proof of Lemma 2.3.3 that the natural maps

V ∗
n ⊗■

R B → (Vn ⊗■
R B)∗.

identify the target with the double dual of the source. By Proposition 2.2.9 (and the fact
that V is of compact type) the transition maps in the direct system {V ∗

n } are trace class.
The corollary now follows as in the proof of Corollary 2.4.11 from Lemma 2.3.1-(3). □
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3. Sheaves on v-stacks

In this section we introduce a way to think about sheaves of O-modules on nice ana-
lytic adic spaces over Spa(Qp,Zp). In fact, we develop a theory that works for arbitrary
small v-stacks on the site of affinoid perfectoid spaces over Spa(Qp,Zp). In §3.1 we collect
preliminaries about small v-stacks and sheaves of O-modules on them, and introduce the
notion of (fiercely) v-complete affinoid analytic adic spaces. In §3.2, we introduce certain
standard sheaves of O-modules and check that they (and their duals) take the expected
values on v-complete affinoid analytic adic spaces. We also introduce a notion of (locally
strongly countably) Fréchet sheaves of O-modules in this setting, and similarly prove that
they take the expected values on v-complete affinoid analytic adic spaces. In §3.3 we prove
a criterion for checking that a sheaf “of geometric origin” is Fréchet, and also prove the
Künneth formula for sheaves “of geometric origin”.

3.1. Preliminaries. We write Perfd for the opposite of the category of perfectoid Huber
pairs (A,A+) over (Qp,Zp), equipped with the v-topology, see [44, Definition 8.1]. We
will consider stacks and sheaves in the v-topology, with an important example being the
representable sheaf Spd(A,A+) for (A,A+) ∈ Perfd. A sheaf (or stack) X on Perfd in the
v-topology is called small (see [44, Section 4]) if there is an uncountable strong limit cardinal
κ, an index set I of cardinality bounded by κ, a collection of κ-small perfectoid Huber pairs
(Ai, A

+
i ) over Spa(Qp,Zp) for i ∈ I, and a surjection∐

i∈I

Spd(Ai, A
+
i )→ X.

An important example of a small v-sheaf is X♢, where X is an analytic adic space over
Spa(Qp,Zp), see [44, Definition 15.5]. In the affinoid case, we will write Spd(R,R+) for
Spa(R,R+)♢.

For a small v-stack we will write Xv for the full subcategory of (small) v-sheaves Y → X
where Y = Spd(A,A+) for (A,A+) a perfectoid Huber pair over (Qp,Zp). This definition
is different from [44, Definition 14.1], which takes the category of all (small) v-sheaves
Y → X. However, this does not affect the category of v-sheaves on Xv since every small
v-sheaf Y → X can be covered by a disjoint union of Spd(A,A+)’s.

3.1.1. Let us write Prof for the category of profinite sets as before. There is a natural
functor from Prof to small sheaves on Perfd sending T → T = Spd(C0(T,Qp), C

0(T,Zp)),
where for a topological ring Y the ring C0(T, Y ) is the ring of continuous functions from T
to Y , equipped with the compact-open topology. We note that by Lemma 2.1.9, if (R,R+)
is a Huber pair over (Qp,Zp), then so is (C0(T,R), C0(T,R+)). If (R,R+) is moreover
affinoid perfectoid, then so is (C0(T,R), C0(T,R+)), see [44, Example 11.12]. We note
that T represents the functor sending Spa(R,R+) to the set of continuous functions from
|Spa(R,R+)| to T ; we will often use this in the case of T = Zp.

A sheaf F on Xv determines a sheaf of condensed sets Fcond on Xv which takes (A,A+) ∈
Xv to the condensed set8 sending T ∈ Prof to the set F((C0(T,A), C0(T,A+)). We will
sometimes write Fcond(−) = H0

cond(−,F), and we note that the functor sending (A,A+) ∈
Xv to Fcond(A,A+) commutes with limits and filtered colimits.

8That this is a condensed set follows from the fact that if S → T is a surjective map of profinite sets,

then Spd(C0(S,A), C0(S,A+))→ Spd(C0(T,A), C0(T,A+)) is a v-cover.
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3.1.2. There is a presheaf of rings O on Perfd sending (A,A+) 7→ A and similarly a presheaf
O+ of rings sending (A,A+) 7→ A+; these are sheaves by [44, Theorem 8.7]. Note that
O+[ 1p ] = O. If X is a small v-stack, then we will write OX and O+

X for the inverse image of

O and O+ along the structure map X → SpdQp. The following observation will be useful.

Lemma 3.1.3. Let f : X → Y be a morphism of small v-sheaves, then f−1OX = OY and
f−1O+

X = O+
Y .

Proof. This follows directly from the definitions, since we are pulling back to slice categories.
More precisely, for Spd(A,A+)→ X we have that

(
f−1OY

)
(Spd(A,A+)→ X) will be given

by OY (Spd(A,A+)→ X → Y ) = A which equals OX(Spd(A,A+)→ X). □

From now on we will write f∗ for f−1. Because of Lemma 3.1.3, this will cause no
ambiguity.

Corollary 3.1.4. Given a Cartesian diagram of small v-sheaves

X ′ X

Y ′ Y,

g′

f ′ f

g

there is a natural base change isomorphism

g∗f∗OX → f ′
∗OX′ .

Proof. There is a natural base change map g∗f∗OX → f ′
∗(g

′)∗OX for abstract reasons,
and we can identify OX′ = (g′)∗OX using Lemma 3.1.3. The natural base change map
is moreover an isomorphism because base change always holds when restricting to slice
categories, cf. [44, Proposition 17.6]. □

3.1.5. Let (R,R+) be a uniform Huber pair over Spa(Qp,Zp) and consider U = Spa(R,R+).
Then we can consider U♢ = Spd(R,R+) as a small v-sheaf on Perfd as above. We can
thus consider the condensed ring H0

cond(U
♢,O). Recall that (R,R+) as above is called v-

complete, see [21, Definition 9.6], if the natural map (R,R+)→ (H0(U♢,O), H0(U♢,O+))
is a bijection. The following lemma is implicit in [21, Section 9].

Lemma 3.1.6. If (R,R+) is v-complete, then the condensed ring H0
cond(U

♢,O) is isomor-
phic to the condensed ring R associated to the topological ring R.

3.1.7. Let (R,R+) → (P, P+) and (R,R+) → (Q,Q+) be morphisms of uniform Huber
pairs over Spa(Qp,Zp). Recall that the fiber product Spd(P, P+)×Spd(R,R+) Spd(Q,Q+) is

given by Spd(E,E+), where

E =
(
P+⊗̂R+Q+

)
[ 1p ]

and where E+ is the integral closure of the image of P+⊗̂R+Q+ in E. In this generality, we
caution that (E,E+) may not have nice properties such as uniformity or v-completeness,
even if all three terms in the fiber product have these properties. However, it follows from
the construction and Proposition 2.1.11 and its proof that, for a profinite set S and a uniform
Huber pair (R,R+) over (Qp,Zp), we have

Spd(R,R+)×SpdQp
S = Spd(C0(S,R), C0(S,R+)).(3.1.1)
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Proof of Lemma 3.1.6. It follows from [34, Lemma 3.6.26] that we can find a faithfully
profinite étale Galois morphism (R,R+) → (A,A+) with (A,A+) affinoid perfectoid (note
that v-complete implies uniform). Let Γ be the Galois group of Spa(A,A+)→ Spa(R,R+).

The condensed ring H0
cond(U

♢,O) is naturally identified with H0
cond(Spd(A,A+),O)Γ

using v-descent. On the other hand since R is v-complete we deduce from [21, Lemma 9.7]
that the natural map R → AΓ = H0

cond(Spd(A,A+),O)Γ(∗) is a bijection. Since R has the
subspace topology inside A, this means that R = AΓ as topological rings. Since the functor
R 7→ R is a right adjoint, it commutes with limits such as taking fixed points. It thus suffices
to show that H0

cond(Spd(A,A+),O) = A for all (A,A+) ∈ Perfd.

By definition, this means that we need to show that for T ∈ Prof we have a natural
identification H0

cond(Spd(A,A+),O)(T ) = C0(T,A). But this is a tautology since

H0
cond(Spd(A,A+),O)(T ) = H0((Spd(A,A+)× T ),O)

= H0(Spd(C0(T,A), C0(T,A+)),O)
= C0(T,A)

by equation (3.1.1) (and using that C0(T,A) is perfectoid). □

3.1.8. The class of v-complete Huber pairs over Spa(Qp,Zp) is not known to have good
permanence properties, for example under rational localisations, finite étale maps, or the
formation of Tate-algebras. For our purposes, we need a class of v-complete Huber pairs
that does have these permanence properties.

Definition 3.1.9. Consider the largest full subcategory Cfrc of the category of all v-complete
Huber pairs (R,R+) over (Qp,Zp) such that:

• If (R,R+) ∈ Cfrc, then for all rational localisations (R,R+) → (B,B+), we have
that (B,B+) ∈ Cfrc.

• If (R,R+) ∈ Cfrc, then for all finite étale morphisms (R,R+) → (B,B+), we have
that (B,B+) ∈ Cfrc.

• If (R,R+) ∈ Cfrc, then (R⟨T ⟩, R+⟨T ⟩) ∈ Cfrc.
Objects of Cfrc are called fiercely v-complete Huber pairs.

Lemma 3.1.10. The following classes of Huber pairs over (Qp,Zp) are fiercely v-complete:

• Affinoid perfectoid Huber pairs.
• Diamantine Huber pairs in the sense of [21, Definition 11.1].
• Huber pairs (R,R+) over (K,OK) with K a nonarchimedean field, such that R is a
seminormal affinoid algebra over K.9

Proof. Affinoid perfectoid Huber pairs are diamantine by [21, Proposition 11.3], so the sec-
ond bullet point implies the first. The second bullet point follows from the fact that diaman-
tine Huber pairs are themselves stable under rational localisations ([21, Theorem 11.10]),
finite étale morphisms ([21, Lemma 11.13]), and forming Tate algebras ([21, Corollary 11.5]),
and that diamantine Huber pairs are v-complete by definition.

To establish the third bullet point, we note that the affinoid algebras (R,R+) over K with
R seminormal are v-complete (e.g. by [21, Theorem 10.3]). Moreover, being seminormal
is preserved under rational localization and finite étale morphisms ([21, Lemma 6.4]), and
under the formation of Tate algebras by [21, Theorem 10.3, Lemma 11.4]. □

9Recall that an affinoid algebra over K is a quotient of K⟨X1, · · · , Xn⟩ for some n.
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Definition 3.1.11. An analytic adic space Y over Spa(Qp,Zp) is said to be locally fiercely
v-complete if Y is locally of the form Spa(R,R+) with (R,R+) fiercely v-complete.

Lemma 3.1.12. Let X,Y be locally fiercely v-complete analytic adic spaces over Spa(Qp,Zp).
Then the natural map

hom(X,Y )→ homSpdQp
(X♢, Y ♢)

is a bijection.

Proof. It follows from Definition 3.1.9 that X and Y are stably v-complete in the sense of
[36, Definition 9.5]. The lemma is now a consequence of [36, Lemma 9.8]. □

Definition 3.1.13. Let (R,R+) be a uniform Huber pair over (Qp,Zp). We say that
(R,R+)→ (P, P+) is strongly smooth if (R,R+)→ (P, P+) factors as

(R,R+)→ (R⟨X1, · · · , Xk⟩, R+⟨X1, · · · , Xk⟩)
f−→ (P, P+),

with f finite étale.

Lemma 3.1.14. Let (R,R+)→ (B,B+) be a morphism of Huber pairs over (Qp,Zp) which
is strongly smooth. If (R,R+) is fiercely v-complete, then so is (B,B+).

Proof. This is a direct consequence of Definition 3.1.9 and Definition 3.1.13. □

3.1.15. For any small v-stack X on Perfd recall that we write Xv for the category of
(A,A+) ∈ Perfd together with a map Spd(A,A+) → X, equipped with the v-topology.
We will work in the category Ab(Xv) of (small) sheaves of abelian groups on Xv; this is a
Grothendieck abelian category closed under small limits and colimits, see [48, 03CO]. We
note that by definition, every cover in Xv has a finite subcover; in other words, the objects
Spd(A,A+) are qcqs in the topos-theoretic sense. This has the consequence that filtered
colimits of sheaves can be computed pointwise, see [48, Tag 0738].

3.1.16. For a small v-stack X we can now consider the abelian category of (sheaves of)
OX -modules in Xv, see [48, Tag 03DA]. By [48, Tag 03DB], the forgetful functor from OX -
modules to sheaves of abelian groups commutes with limits and colimits. As before every
sheaf F of OX -modules can be considered as a sheaf of condensed OX -modules over the
sheaf of condensed rings OX,cond. In other words, for (A,A+) ∈ Xv the condensed abelian
group H0

cond(Spd(A,A+), F ) is a condensed A-module.

3.2. Standard sheaves and Fréchet sheaves. For I an index set we consider the follow-
ing sheaves of O+ or O-modules on Perfd

⊕̂IO+ := lim←−
n

⊕IO+/pn

⊕̂IO :=
(
⊕̂IO+

)
[ 1p ]∏

I O+, (
∏

I O+)[ 1p ].

We have the following lemma.
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Lemma 3.2.1. For (R,R+) a v-complete Huber pair and Y = Spd(R,R+), there are natural
isomorphisms

H0
cond(Y, ⊕̂IO+) ≃ ⊕̂IR

+

H0
cond(Y, ⊕̂IO) ≃ ⊕̂IR

H0
cond(Y,

∏
I O+) ≃

∏
I R

+

H0
cond(Y, (

∏
I O+)[ 1p ]) ≃ (

∏
I R

+)[ 1p ].

Proof. The natural isomorphism R+ → H0
cond(Y,O+) of Lemma 3.1.6 induces the third

natural isomorphism upon taking the product, since products commute with global sections.
The fourth isomorphism is induced from the third by taking a filtered colimit (which also
commutes with global sections). The second isomorphism is similarly induced from the first,
which we now explain how to construct.

For n > 0, by taking the long exact sequence in condensed cohomology for 0→ O+ pn

−→
O+ → O+/pn → 0, we obtain an exact sequence

0→ R+/pn → H0
cond(Y,O+/pn)→ H1

cond(Y,O+)[pn]→ 0.

By varying n and using that the first system is Mittag–Leffler, taking the inverse limit gives
an exact sequence

0→ R+ → H0
cond(Y,O+)→ lim←−

n

H1
cond(Y,O+)[pn]→ 0.

The first arrow is an isomorphism by assumption, so lim←−n
H1

cond(Y,O+)[pn] = 0. Next we

consider the long exact sequence in cohomology for

0→ ⊕IO+ pn

−→ ⊕IO+ → ⊕IO+/pn → 0,

giving

0→ ⊕IR
+/pn → H0

cond(Y,⊕IO+/pn)→ H1
cond(Y,⊕IO+)[pn]→ 0.

Taking the inverse limit and using the fact that the first system is Mittag–Leffler, we get an
exact sequence

0→ ⊕̂IR
+ → H0

cond(Y, ⊕̂IO+)→ lim←−
n

(H1
cond(Y,⊕IO+)[pn])→ 0.

But now we observe that (using the fact that cohomology commutes with filtered colimits
and thus with direct sums in a coherent site)

lim←−
n

(H1
cond(Y,⊕IO+)[pn]) = lim←−

n

⊕I(H
1
cond(Y,O+)[pn])

⊂ lim←−
n

∏
I(H

1
cond(Y,O+)[pn])

⊂
∏

I lim←−n
(H1

cond(Y,O+)[pn]) = 0

to conclude. □

We let HomO+ denote the internal hom in sheaves of O+-modules, and we let HomO
denote the internal hom in sheaves of O-modules. The following result should be compared
to Proposition 2.2.9.
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Proposition 3.2.2. The natural maps

HomO+

(
⊕̂IO+,O+

)
→
∏

I O+

HomO
(
⊕̂IO,O

)
→ (

∏
I O+)[ 1p ]

are isomorphisms. If I is countable, then the natural maps

⊕̂IO+ →HomO+ (
∏

I O+,O+)

⊕̂IO →HomO

(
(
∏

I O+)[ 1p ],O
)

are isomorphisms.

Our proof of the proposition is very similar to our proof of Proposition 2.2.9. Let (R,R+)
denote a Huber pair over (Qp,Zp) and let O? denote either O+ or O (we will use similar
notation for Huber pairs later) and let F be a sheaf of O?-modules on Spd(R,R+). There
is an evaluation map

H0
cond(Spd(R,R+),HomO?(F,O?))→HomR?(H0

cond(Spd(R,R+), F ), R?).(3.2.1)

Lemma 3.2.3. Let (R,R+) be a v-complete Huber pair over (Qp,Zp) and let F be a sheaf of
O?-modules on Y = Spd(R,R+). If for all (R,R+) → (A,A+) ∈ Spd(R,R+)v the natural
map

H0
cond(Spd(R,R+), F )⊗■

R? A
? → H0

cond(Spd(A,A+), F )

is an isomorphism, then the evaluation map (3.2.1) is an isomorphism.

Proof. We follow the proof of Lemma 2.1.8: Fix a profinite set S, write S(R,R+) for S×SpdQp

Spd(R,R+) and consider the evaluation of (3.2.1) on S

(3.2.2) H0
cond(Spd(R,R+),HomO?(F,O?))(S)

→HomR?(H0
cond(Spd(R,R+), F ), R?)(S).

We can identify the left hand side with the set

H0(Spd(C0(S,R), C0(S,R+)),HomO?(F,O?)),

so a section gives a map f ∈ homO?(F,O?) of sheaves on (S(R,R+))v. The map f is uniquely

determined by the induced map of condensed sets (notation as in Lemma 2.1.8)

H0
cond(S(R,R+), F )→ R?

S

since for any Spd(A,A+)→ S(R,R+), there is a unique induced map

H0
cond(Spd(A,A+), F )→ A?

given by f ⊗■
O?(S(R,R+))

A?; this uses the assumption of the lemma.

The right hand side of (3.2.2) is the set of π−1R?-linear homomorphisms (notation as in
the proof of Lemma 2.1.8)

π−1H0
cond(Spd(R,R+), F )→ π−1R?

on the site of profinite sets over S. Using the adjunction argument as in Lemma 2.1.8, we
identify this with the set of R?-linear homomorphisms

H0
cond(Spd(R,R+), F )→ R?

S ,

which is identified with the left hand side of (3.2.2) as above. □
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Corollary 3.2.4. For a v-complete Huber pair (R,R+) over Spa(Qp,Zp), the natural con-
densed evaluation maps

H0
cond(Spd(R,R+),HomO+(⊕̂IO+,O+))→HomR+(⊕̂IR

+, R+)

H0
cond(Spd(R,R+),HomO(⊕̂IO,O))→HomR(⊕̂IR,R)

are isomorphisms. If I is moreover countable, then the natural condensed evaluation maps

H0
cond(Spd(R,R+),HomO+(

∏
I O+,O+))→HomR+(

∏
I R

+, R+)

H0
cond(Spd(R,R+),HomO((

∏
I O+)[ 1p ],O))→HomR((

∏
I R)[ 1p ], R)

are isomorphisms.

Proof. The first two statements are a direct consequence of Lemma 3.2.3 and the fact that
the formation of ⊕̂IR

+ and ⊕̂IR commute with the solid tensor product, see Proposition
2.2.7. For the third and fourth claim, we slightly modify the argument of Lemma 3.2.3.
Write

F ? =

{ ∏
I O+ if ? = +

(
∏

I O+)[ 1p ] if ? = ∅.

F ?
R =

{ ∏
I R

+ if ? = +
(
∏

I R
+)[ 1p ] if ? = ∅.

It follows from Proposition 2.2.9, Proposition 2.2.11 and Lemma 3.2.1 that for all morphisms
(A,A+)→ (B,B+) of v-complete Huber pairs over (Qp,Zp), the natural map

H0
cond(Spd(A,A+), F ?)⊗A? B? → H0

cond(Spd(B,B+), F ?)

identifies the target with the double dual of the source. Using this, we can write down
an explicit inverse of the natural map of the corollary: For a fixed profinite set S we can
identify the natural map as in the proof of Lemma 3.2.3 with

H0
cond(Spd(R,R+),HomO?(F ?,O?))(S) = H0(Spd(RS , R

+
S ),HomO?(F ?,O+))→

HomR?(F ?
R, R

?)(S) = homR?(F ?
R, R

?
S).

An inverse is now given by taking f : F ?
R → R?

S to the morphism of sheaves over Spd(RS , R
+
S )

whose evaluation on (RS , R
+
S ) → (A,A+) is: We first extend f to a morphism F ?

RS
→ R?

S

by taking (solid) extension of scalars along R? → R?
S and then taking double dual, we then

take solid extension of scalars of f along R?
S → A? and take double dual again. □

Proof of Proposition 3.2.2. All statements are a direct consequence of Proposition 2.2.9 and
Corollary 3.2.4. □

3.2.5. Let Y be a small v-sheaf and let F be a sheaf of O-modules on Yv. We say that F
is countably orthonormalizable Banach if F ≃ ⊕̂IOY for some countable set I. We say that
F is locally countably orthonormalizable Banach if there is a v-cover Y ′ → Y such that the
pullback of F to Y ′ is isomorphic to ⊕̂IOY ′ for some countable set I. We say that F is
reflexive if the natural map F →HomO(HomO(F,O)) is an isomorphism.

Corollary 3.2.6. If F is a locally countably orthonormalizable Banach sheaf of O-modules
on Yv, then the sheaf F is reflexive.

Proof. This can be checked locally in the topology, where it follows from Proposition 3.2.2.
□
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We need the following refinement.

Corollary 3.2.7. Suppose that F is v-locally a direct summand of a locally countably or-
thonormalizable Banach sheaf of OY -modules. Then F is reflexive.

Proof. The statement is local, so we may suppose that F = F1
⊕−→ F2 where F2 is a locally

free Banach sheaf of OY -modules; let Θ be an idempotent of F2 with kernel F1. The point is
now that splitting an idempotent is both a limit and a colimit, hence using Corollary 3.2.6
we get

HomOY
(HomOY

(F1,OY ),OY ) = HomOY
(HomOY

(F2,OY )
Θ=0,OY )

= HomOY
(HomOY

(F2,OY ),OY )
Θ=0

= F1.

□

Definition 3.2.8. A sheaf F of OY -modules is called locally strongly countably Fréchet if
there is a v-cover Y ′ =

∐
j∈J Spd(Aj , A

+
j )→ Y with (Aj , A

+
j ) ∈ Perfd such that the pullback

of f∗
j F to Spd(Aj , A

+
j ) can be written as an inverse limit f∗

j F = lim←−n
Fn with the property

that: T he sheaf Fn is isomorphic to a direct summand of ⊕̂IOY ′ for some countable set
I and the transition maps H0

cond(Spd(Aj , A
+
j ), Fn+1)(∗)top → H0

cond(Spd(Aj , A
+
j ), Fn)(∗)top

have dense image. If the transition maps H0
cond(Spd(Aj , A

+
j ), Fn+1)→ H0

cond(Spd(Aj , A
+
j ), Fn)

are moreover compact, then F is called locally strongly countably Fréchet of compact type.

Lemma 3.2.9. Let Y = Spd(R,R+) with (R,R+) a v-complete Huber pair over (Qp,Zp)
and let F = lim←−n

Fn be a sheaf of OY -modules such that for all n the sheaf Fn is isomorphic

to a direct summand of ⊕̂IOY for some countable set I, and such that the transition maps
H0

cond(Spd(R,R+), Fn+1)(∗)top → H0
cond(Spd(R,R+), Fn)(∗)top have dense image. Then

for (R,R+) → (B,B+) a morphism of v-complete Huber pairs over (Qp,Zp), the natural
map

H0
cond(Spd(R,R+), F )⊗■

R B → H0
cond(Spd(B,B+), F )

is an isomorphism.

Proof. The formation of ⊕̂IR commutes with the solid tensor product (Proposition 2.2.7),
so the lemma holds for Fn for all n since tensor products and global sections commute
with idempotent projections. It follows from the definitions that H0

cond(Spd(R,R+), F ) is a
strongly countably Fréchet R-module, and thus it follows from Proposition 2.4.10 that

H0
cond(Spd(R,R+), F )⊗■

R B =

(
lim←−
n

H0
cond(Spd(R,R+), Fn)

)
⊗■

R B

≃ lim←−
n

(
H0

cond(Spd(R,R+), Fn)⊗■
R B

)
.

Since the lemma holds for each Fn, we can identify this with

lim←−
n

(
H0

cond(Spd(A,A+), Fn)⊗■
R B

)
= lim←−

n

(
H0

cond(Spd(B,B+), Fn)
)

= H0
cond(Spd(B,B+), F ).

□
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Lemma 3.2.10. Let Y = Spd(R,R+) with (R,R+) a v-complete Huber pair over (Qp,Zp)
and let F = lim←−n

Fn be a sheaf of OY -modules such that for all n the sheaf Fn is isomorphic

to a direct summand of ⊕̂IOY for some countable set I, and such that the transition maps
H0

cond(Spd(R,R+), Fn+1)(∗)top → H0
cond(Spd(R,R+), Fn)(∗)top have dense image. Then

the natural map

lim−→
n

HomOY
(Fn,OY )→HomOY

(lim←−
n

Fn,OY )

is an isomorphism.

Proof. By Lemma 3.2.9, the assumptions of Lemma 3.2.3 hold. The result then follows from
Lemma 3.2.3 and Lemma 2.4.6. □

The statement of Lemma 3.2.10 can be thought of as saying that HomOY
(F,OY ) is

the dual “equipped with the weak topology”. Indeed, the filtered colimit of the weak
topologies does indeed give the weak topology on the dual of the inverse limit (given that
every functional factors through some stage of the inverse limit).

Corollary 3.2.11. A locally strongly countably Fréchet OY -module F is reflexive.

Proof. This can be proved locally in the v-topology, so we may assume that we are in the
setting of Lemma 3.2.10. Then it follows from Lemma 3.2.10 that

HomOY
(HomOY

(lim←−
n

Fn,OY ),OY ) = HomOY
(lim−→

n

HomOY
(Fn,OY ),OY )

= lim←−
n

HomOY
(HomOY

(Fn,OY ),OY )

= lim←−
n

Fn,

where we used Corollary 3.2.7 in the last step. □

3.2.12. Solid tensor products. Let Y be a small v-stack and let F,G be OY -modules. Then
we write

F ⊗■
OY

G

for the sheafification of the presheaf sending (A,A+) to(
H0

cond(Spd(A,A+), F )⊗■
A H0

cond(Spd(A,A+), G)
)
(∗),

where ⊗■
A is the solid tensor product.

Remark 3.2.13. As a warning, we note that F ⊗■
OY
OY might not be equal to F , because

H0
cond(Spd(A,A+), F ) might not be solid. Even when starting with sheaves satisfying this

solidity condition, it is not clear that the tensor product is associative or has any other good
formal properties (we thank Peter Scholze for pointing this out to us).

3.3. Sheaves of geometric origin. Let f : X → Y be a morphism of small v-sheaves and
consider the sheaf of OY -algebras OX/Y := f∗OX . We are going to study this sheaf under
some assumptions.

Lemma 3.3.1. Let (R,R+) be a fiercely v-complete Huber pair and let (R,R+)→ (P, P+)
be strongly smooth. For X = Spd(P, P+) → Spd(R,R+) = Y , the sheaf OX/Y is a direct
summand of a countably orthonormalizable Banach sheaf of OY -modules.
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Proof. Factor (R,R+)→ (P, P+) as (R,R+)→ (R⟨X1, · · · , Xk⟩, R+⟨X1, · · · , Xk⟩)→ (P, P+)
with the second map finite étale as in the definition. This exhibits (P, P+) as a finite lo-
cally free module over R⟨X1, · · · , Xk⟩, and thus an R⟨X1, · · · , Xk⟩-linear direct summand
of R⟨X1, · · · , Xk⟩⊕N for some N , see [48, Tag 00NX].

Write Z = Spd(R⟨X1, · · · , Xk⟩, R+⟨X1, · · · , Xk⟩). Then we claim that

OZ/Y ≃ ⊕̂IOY

with I = Zk
≥0. The claim follows from Corollary 3.1.4 together with the fact that the

formation of Tate algebras commutes with fiber products of adic spaces (see Section 3.1.7)
and Lemma 3.1.14, which gives the v-completeness of Tate algebras over affinoid perfectoid
(A,A+). Since X → Z is finite étale and (R,R+) is fiercely v-complete, it follows in a
similar way that (here we are taking the algebraic tensor product)

OX/Y ≃ OZ/Y ⊗H0(Y,OZ/Y ) P.

Now since P is anH0(Y,OZ/Y ) = R⟨X1, · · · , Xk⟩-linear direct summand ofH0(Y,OZ/Y )
⊕N

for some N , it follows that OX/Y is a OZ/Y -linear direct summand of O⊕N
Z/Y for some N ,

proving the lemma. □

Lemma 3.3.2. Let Y = Spd(R,R+) for (R,R+) a fiercely v-complete Huber pair over
(Qp,Zp). Let f : X → Y be a morphism of small v-sheaves such that X = lim−→n

Un,

where Un → Spd(R,R+) is given by Spd(Pn, P
+
n )→ Spd(R,R+) with (R,R+)→ (Pn, P

+
n )

strongly smooth. If the transition maps Pn+1 → Pn have dense image, then OX/Y is locally
strongly countably Fréchet. If the transition maps Pn+1 → Pn are moreover compact, then
OX/Y is locally strongly countably Fréchet of compact type.

Proof. First of all OUn/Y is a direct summand of a countably orthonormalizable Banach
sheaf of OY -modules by Lemma 3.3.1. It follows from Lemma 3.1.14 and Lemma 3.1.6 that
H0

cond(Y,OUn/Y ) ≃ Pn, thus the transition mapsH0
cond(Y,OUn/Y )(∗)top → H0

cond(Y,OUn/Y )(∗)top
have dense image. Moreover, the transition maps H0

cond(Y,OUn/Y )→ H0
cond(Y,OUn/Y ) are

compact if the maps Pn+1 → Pn are compact. The lemma is thus proved if we show that
the natural map

OX/Y → lim←−
n

OUn/Y

is an isomorphism. We can check this on (A,A+) ∈ Spd(R,R+)v, and then

H0(XSpd(A,A+),O) = hom
(
XSpd(A,A+),A1,♢

Spd(A,A+)

)
= hom

(
lim−→
n

Un,Spd(A,A+),A1,♢
Spd(A,A+)

)

which identifies with H0
(
Spd(A,A+), lim−→n

OUn/Y

)
= lim←−n

H0
(
Spd(A,A+),OUn/Y

)
, prov-

ing the lemma. □

3.3.3. Let X → Y, Z → Y be morphisms of small v-stacks. Then there is a natural cup
product morphism

OX/Y ⊗■
OY
OZ/Y → O(X×Y Z)/Y .(3.3.1)

given by the solidification (and then sheafification) of the usual cup product map (see e.g.
[48, Tag 0B6C]).
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Lemma 3.3.4. Let Y = Spd(R,R+) for a fiercely v-complete Huber pair (R,R+) over
(Qp,Zp). Let (R,R+) → (P, P+) and (R,R+) → (Q,Q+) be strongly smooth morphisms
of Huber pairs over (Qp,Zp). If we write X = Spd(P, P+) and Z = Spd(Q,Q+), then the
natural map

H0
cond(Y,OX/Y )⊗■

R H0
cond(Y,OZ/Y )→ H0

cond(Y,O(X×Y Z)/Y )

is an isomorphism.

Proof. Factor (R,R+)→ (P, P+) as

(R⟨X1, · · · , Xk⟩, R+⟨X1, · · · , Xk⟩)
f−→ (P, P+)

with f finite étale and similarly factor (R,R+)→ (Q,Q+) as

(R⟨Xk+1, · · · , Xk+j⟩, R+⟨Xk+1, · · · , Xk+j⟩)
g−→ (Q,Q+)

with g finite étale. It follows from the discussion in §3.1.7 and the preservation of Tate rings
under fiber products of Huber pairs over (Qp,Zp) that we can describe the fiber product
Spa(Q,Q+)×Spa(R,R+) Spa(P, P

+) as Spa(E,E+) where

E = Q⟨X1, · · · , Xk⟩ ⊗R⟨X1,··· ,Xj+k⟩ P ⟨Xk+1, · · · , Xk+j⟩,

In particular, the natural map (R,R+) → (E,E+) is strongly smooth, and so (E,E+) is
v-complete by Lemma 3.1.14. Moreover, since

R⟨X1, · · · , Xk⟩ ⊗■
R R⟨Xk+1, · · · , Xk+j⟩ ≃ R⟨X1, · · · , Xk+j⟩

by Proposition 2.2.7, it follows that E = P ⊗■
R Q. Thus by Lemma 3.1.6 the natural maps

P → H0
cond(X,O)

Q→ H0
cond(Z,O)

P ⊗■
R Q→ H0

cond(X ×Y Z,O)

are isomorphisms, proving the lemma. □

Lemma 3.3.5. Let X → Y,Z → Y be morphisms of small v-stacks. If there is a v-cover
Y ′ =

∐
j∈J Spd(Aj , A

+
j ) → Y with (Aj , A

+
j ) ∈ Perfd such that: For each j ∈ J we have

ZSpd(Aj ,A
+
j ) ≃ Spd(R,R+) and XSpd(Aj ,A

+
j ) ≃ Spd(P, P+) for (Aj , A

+
j ) → (R,R+) and

(Aj , A
+
j )→ (P, P+) strongly smooth, then the natural map of (3.3.1) is an isomorphism.

Proof. It suffices to prove this after basechanging to Y ′, so we will assume Y = Y ′ =
Spd(A,A+). We can then check the statement of the proposition on Spd(B,B+) points
for (B,B+) ∈ Spd(A,A+)v and we may assume without loss of generality that (B,B+) =
(A,A+), noting that the assumptions of the lemma are stable under basechange. The lemma
now follows from Lemma 3.3.4. □

Proposition 3.3.6. Let Y = Spd(R,R+) for a fiercely v-complete Huber pair (R,R+)
over (Qp,Zp). Let X = lim−→n

Un, where Un → Spd(R,R+) is given by Spd(Pn, P
+
n ) →

Spd(R,R+) for some strongly smooth (R,R+)→ (Pn, P
+
n ). If the transition maps Pn+1 →

Pn have dense image, then the natural map

H0
cond(Y,OX/Y )⊗■

R H0
cond(Y,OX/Y )→ H0

cond(Y,O(X×Y X)/Y )

is an isomorphism.
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Proof. It follows from Lemma 3.3.4 that the natural map

H0
cond(Y,OUn/Y )⊗

■
R H0

cond(Y,OUn/Y )→ H0
cond(Y,O(Un×Y Un)/Y )

is an isomorphism. The lemma now follows by observing that

H0
cond(Y,OX/Y ) ≃ lim←−

n

H0
cond(Y,OUn/Y ),

see the proof of Lemma 3.3.2, and applying Proposition 2.4.10 to commute the solid tensor
product with the inverse limit in both factors. □

Proposition 3.3.7. Let f : X → Y be a morphism of small v-sheaves. Assume that there
is a v-cover Y ′ =

∐
j∈J Spd(Aj , A

+
j ) → Y with (Aj , A

+
j ) ∈ Perfd such that: For each

j ∈ J we have XSpd(Aj ,A
+
j ) = lim−→n

Un where Un → Spd(Aj , A
+
j ) is given by Spd(Aj , A

+
j )→

Spd(Pn,j , P
+
n,j) for some strongly smooth (Aj , A

+
j ) → (Pn,j , P

+
n,j). If the transition maps

Pn,j → Pn+1,j have dense image, then the natural map of (3.3.1) (with Z = X) is an
isomorphism.

Proof. It suffices to prove this after basechanging to Y ′, so we will assume Y = Y ′ =
Spd(A,A+). We can then check the statement of the proposition on Spd(B,B+) points for
(B,B+) ∈ Spd(A,A+)v, and we can as in the proof of Lemma 3.3.5 assume that (B,B+) =
(A,A+) (using Lemma 2.4.5). The statement now follows from Proposition 3.3.6. □

3.3.8. Let Y be a small v-stack and let f : X → Y be a morphism of small v-stacks. We
will write O+

X/Y = (f∗O+
X) and Obdd

X/Y = O+
X/Y [

1
p ].

Lemma 3.3.9. Let Y = Spd(R,R+) for a fiercely v-complete Huber pair (R,R+) over
(Qp,Zp). Let X = lim−→n

Un, where Un → Spd(R,R+) is given by Spd(Pn, P
+
n )→ Spd(R,R+)

for some strongly smooth (R,R+)→ (Pn, P
+
n ). For Xrig := lim−→n

Spa(Pn, P
+
n ), there are iso-

morphisms

H0
cond(Y,O+

X/Y )
∼−→ H0(Xrig,O+

X)

H0
cond(Y,Obdd

X/Y )
∼−→ H0(Xrig,O+

X)[ 1p ].

Proof. This is an immediate consequence of the v-completeness of (Pn, P
+
n ), see Lemma

3.1.14, and the fact (which follows as in the proof of Lemma 3.3.2) that

H0
cond(Y,O+

X/Y ) = lim←−
n

H0
cond(Y,O+

Un/Y
)

H0(Xrig,O+
X) = lim←−

n

H0(Spa(Pn, P
+
n ),O+

X).

□

4. Families of p-divisible rigid analytic groups

In this section we discuss the theory of families of p-divisible rigid analytic groups. In §4.1,
we discuss families of p-divisible rigid analytic groups over sousperfectoid adic spaces and
rigid spaces over non-archimedean extensions of Qp. When the base is the adic spectrum of
a non-archimedean extension of Qp, we discuss the classification of p-divisible rigid analytic
groups in terms of Hodge–Tate triples, following Fargues [13]. In §4.2, we define p-divisible
v-groups over general small v-stacks and construct a functor from Hodge–Tate triples to
p-divisible v-groups in this generality. In §4.3, we introduce the category of finite height
p-divisible v-groups and relate them to locally analytic character data.
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4.1. Families of p-divisible rigid analytic groups. In this section, we discuss families
of p-divisible rigid analytic groups, following Fargues [13,14].

4.1.1. Let Y be a sousperfectoid adic space over SpaQp or a rigid space over a non-
archimedean extension of Qp. We will consider relative commutative groups H → Y in
the category of smooth adic spaces over Y , see [15, Section IV.4.1]. These have a Lie alge-
bra LieH, see [25, p. 10], which is functorial in H. To define a logarithm map, we need to
restrict to groups which are p-divisible in a precise sense, see [14, Definition 4.1]. We will
present this definition following [25, Section 3.2].

4.1.2. Recall from [25, Definition 3.2.3] that a subspace T ⊂ H is called topologically p-
torsion if for any open subspace U ⊂ H containing the image of the unit section, and any
quasicompact open subspace T0 ⊂ T there is an n ∈ Z≥1 such that [pn](T0) ⊂ U , where
[pn] : H → H is the multiplication by pn map.

In the rest of §4.1.2, we explain the statement of [25, Proposition 3.2.4]: There is an open
Y -subgroupH⟨p∞⟩ ⊂ H which is topologically p-torsion and is maximal among topologically
p-torsion open Y -subgroups of H.10 Moreover, there is a functorial map of Y -groups

logH⟨p∞⟩ : H⟨p∞⟩ → LieH,

which induces the identity map on Lie algebras. This fits in an exact sequence

0→ H[p∞]→ H⟨p∞⟩ → LieH,

where H[p∞] =
⋃

n H[pn]. If [p] : H → H is étale, then so is logH⟨p∞⟩, and if [p] : H → H is

surjective, then so is logH⟨p∞⟩. Finally, the morphism of v-sheaves in groups H⟨p∞⟩♢ → H♢

over Y ♢ can be identified with the evaluation at 1 map Hom Y ♢(Zp
Y
, H♢) → H♢. In

particular, this gives H⟨p∞⟩♢ the structure of a Zp-module.

4.1.3. Let Y be a sousperfectoid adic space over SpaQp or a rigid space over a non-
archimedean extension of Qp and let H → Y be a commutative smooth relative group
in adic spaces. Recall that H → Y is a p-divisible rigid analytic group if H⟨p∞⟩ = H and
if [p] is finite étale surjective, see [14, Definition 4.1]. Note that [18] uses the terminology
analytic p-divisible group.

Example 4.1.4. Let Y = SpaQp and consider the rigid analytic fiber Ĝm,η over Y of the

formal multiplicative group Ĝm. This is a p-divisible rigid analytic group (e.g. by Lemma

4.1.6). The logarith map log : Ĝm,η → Ga is defined by the usual power series expansion

log(1 + t) =
∑
n≥1

(−1)n+1 t
n

n
.

For ϖ = 2p, the map log♢ is an isomorphism from B(1, |ϖ|), the ball of radius |ϖ| around
1 in Ĝ♢

m,η, to B(0, |ϖ|), the ball of radius |ϖ| around 0 in G♢
a , with inverse defined by the

usual exponential series

exp(t) =
∑
n≥0

1

n!
tn.

10Note that [25, Proposition 3.2.4] writes Ĥ for what we call H⟨p∞⟩; we instead follow [24, Definition

2.6].
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4.1.5. Recall that a p-divisible group over a p-adic formal scheme X (in the sense of [46,
Section 2.2]) is a relative commutative group functor H → X such that [p] : H → H is
an epimorphism in the fpqc topology, such that lim−→n

H[pn] → H is an isomorphism, and

such that H[pn] → X is representable in finite locally free group schemes for all n. Note
that H might not be representable by a formal scheme (although it often is, see [46, Lemma
3.1.1]). We will write TpH for the p-adic Tate module lim←−n

H[pn], where the transition maps

are induced by multiplication by p. The functor TpH → X is representable in flat affine
morphisms over R, see [46, Proposition 3.3.1].

Lemma 4.1.6. Let Y = Spa(R,R+) be a sousperfectoid adic space over SpaQp or a rigid
space over a non-archimedean extension of Qp, and let H → Spf R+ be a p-divisible group.
If (R,R+) is uniform, then the rigid generic fiber11 in the sense of [46, Section 2.2], Had

η ,
is a p-divisible rigid analytic group over Y .

Proof. This follows from [46, Proposition 3.4.2.(ii)] and its proof, as we will now explain.
Let H := Had

η . First of all, it follows from that proof that H → Y is representable by a
relative group in adic spaces. It is moreover established that H comes equipped with an
exact sequence (where LieH = LieH⊗R+ Ga)

0→ H[p∞]→ H
logH−−−→ LieH.

Furthermore, there is an open subset U ⊂ H containing the identity section such that
the restriction of logH to U induces an isomorphism between U and logH(U). On top of
that, logH(U) is an open subset of LieH containing the identity section, and it follows that
U is smooth over Y . Finally it is shown in the proof of [46, Proposition 3.4.2.(ii)] that
H is covered by the inverse images under [pn] of U , and that [p] : H → H is relatively
representable and finite locally free.

It remains to show that [p] : H → H is finite étale and surjective. By the discussion above,
for an affinoid open W = Spa(R,R+) ⊂ H, the inverse image V = [p]−1W = Spa(B,B+)
for some finite locally free R-algebra B. Since [p] is clearly a quasi-torsor for H[p], we see
that V ×W V ≃ V ×H[p] over W . But V ×W V is given by Spa(D,D+) where D = B⊗RB,
and H[p] is finite étale over Spa(R,R+) since p is invertible in R. Thus it follows from
faithfully flat descent that B is a finite étale R-algebra, showing that [p] is finite étale and
surjective. □

4.1.7. Let π : H → Y be a p-divisible rigid analytic group as above. Then the pn-torsion
H[pn] of H is a locally free of finite rank sheaf of Z/pnZ-modules on Yét. The multiplication
by p map is surjective and thus defines a surjection H[pn+1] → H[pn] with kernel H[p].
Using this observation, we define a Zp-local system on Y by TpH := lim←−n

H[pn+1], the

inverse limit being taken in Y ♢
v .

4.1.8. Classification I. Let Y = Spa(R,R+) be a sousperfectoid adic space over SpaQp or
a rigid space over a non-archimedean extension of Qp.

Definition 4.1.9. We define the category HT ét(Y ) of étale Hodge–Tate triples to be the
category of triples (T,W,α), where T is a Zp-local system on Y ♢

v , where W is an étale
vector bundle on Y , and where α : W♢ → T (−1) ⊗Zp

OY ♢ is a morphism of locally free

11Which is defined because R+ is a ring of definition, since R is uniform.
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OY ♢-modules on Y ♢
v . Associated to a triple L = (T,W,α) ∈ HT ét(Y ) we consider the

v-sheaf HL of commutative groups over Y ♢ given by the fiber product

HL T (−1)⊗Zp
Ĝ♢

m,η,Y

W♢ T (−1)⊗Zp
G♢

a,Y .

⌟
1⊗log♢

α

Proposition 4.1.10. Let L = (T,W,α) and HL be as above. If (R,R+) is fiercely v-

complete, then there is a unique p-divisible rigid analytic group Hrig
L → Y such that Hrig,♢

L
is isomorphic to HL.

In the proof of Proposition 4.1.10, we will reduce to the case that the vector bundle W
is trivial.

Lemma 4.1.11. Let L = (T,W,α) and H = HL be as above. If (R,R+) is fiercely v-
complete and W is free, then there are open subgroups Hn ⊂ H indexed by n ∈ Z≥1 such
that H =

⋃
n Hn and such that Hn = Spd(An, A

+
n ) with (R,R+) → (An, A

+
n ) strongly

smooth.

Proof. Let ϖ = 2p and for n ≥ 0 let

B(1, |ϖ|1/p
n

) ⊂ Ĝm,η

denote the open subset defined by the inequality |T |pi ≤ |ϖ|, and let

B(0, |ϖ
pn
|) ⊂ Ga

be the closed unit disk of radius | ϖpn |. Consider the commutative diagram

(4.1.1)

B(1, |ϖ|1/pn

)♢ ⊗Zp
T (−1) B(1, |ϖ|)♢ ⊗Zp

T (−1)

B(0, | ϖpn |)♢ ⊗Zp T (−1) B(0, |ϖ|)♢ ⊗Zp T (−1).

z 7→zpn

log⊗1 log⊗1

t 7→pnt

The right vertical arrow and bottom horizontal arrow are isomorphisms (see Example 4.1.4).
Since the top horizontal arrow is finite étale, the left vertical arrow is also finite étale. We
now consider an affinoid open neighborhood of U ⊆ W of U such that U♢ is contained
in B(0, |ϖ|)♢ ⊗Zp

T (−1). We define H♢
0 to be the preimage of U in B(1, |ϖ|)♢ (so that

H♢
0 is isomorphic by log⊗1 to U). We then define H♢

n to be the preimage of H♢
0 in

B(1, |ϖ|1/pn

)♢ ⊗Zp
T (−1). It is a finite étale cover of H♢

0 sitting in the subdiagram of

(4.1.1)

H♢
n H♢

0

( 1
pnU)♢ U♢.

log log

t 7→pnt
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We thus have H♢ =
⋃

n H
♢
n , and each H♢

n is finite étale over U♢ via the map (t 7→ pnt)◦ log.
By the equivalence of the finite étale sites of U and U♢, see [44, Lemma 15.6], each H♢

n is
of the form Spd(An, A

+
n ) where An is a finite étale A = O(U)-algebra. Now, since W is

trivializable, we may choose U to be an affinoid ball so that (R,R+) → (O(U),O+(U)) →
(An, A

+
n ) exhibits (R,R+)→ (An, A

+
n ) as strongly smooth. □

Proof of Proposition 4.1.10. It follows from Lemma 4.1.11 and Lemma 3.1.14 that, analyt-
ically locally on Y , we can write HL → Y ♢ as Hrig

L → Y with Hrig
L → Y locally fiercely

v-complete. By the fully faithfulness proved in Lemma 3.1.12, this also holds globally on
Y since the gluing datum for the v-sheaf HL induces a gluing datum of adic spaces. By
the same fully faithfulness and the compatibility of X 7→ X♢ with products, we see that
Hrig

L → Y has the structure of a relative smooth commutative group in adic spaces, and it
suffices to show that it is a p-divisible rigid analytic group.

For this, we note thatHL = Hom Y ♢(Zp
Y ♢

, HL) since this is true for the other three terms

in the fiber product diagram. Moreover, the natural map [p] : HL → HL is (representable in)
surjective finite étale morphisms since this is true for the other three terms in the diagram.
By Lemma 3.1.12 and [44, Lemma 15.6], this implies that [p] : Hrig

L → Hrig
L is finite étale

surjective. Thus Hrig
L → Y is a p-divisible rigid analytic group. □

The construction L → Hrig
L defines a functor from HT ét(Y ) to the category of p-divisible

rigid analytic groups over Y .

4.1.12. Classification II. A result of Fargues, see [13, Théorème 0.1], tells us that the functor

L 7→ Hrig
L is an equivalence of categories when Y = Spa(K,OK) with K a field. In the

forthcoming PhD thesis of Gerth [19], this will be generalized to work over an arbitrary
perfectoid Y .

4.2. Families over small v-stacks. Let Y be a small v-stack (see §3.1).

Definition 4.2.1. We say that a v-sheaf of commutative groups H → Y is a p-divisible v-
group if for all affinoid perfectoid spaces Y ′ = Spd(A,A+)→ Y , the base change HY ′ → Y ′

is (the diamond associated to) a p-divisible rigid analytic group over Spa(A,A+).

4.2.2. Let Y be a small v-stack and let H → Y be a p-divisible v-group.

Lemma 4.2.3. There is a locally free sheaf of OY -modules LieH and a short exact sequence

0→ H[p∞]→ H
LogH−−−→ LieH → 0

of v-sheaves in abelian groups on Yv. The formation of (LieH,LogH) is functorial in mor-
phisms of p-divisible v-groups over Y and commutes with pullback along Y ′ → Y .

Proof. By v-descent, it suffices to prove this when Y = Spd(A,A+) with (A,A+) affinoid
perfectoid. But then it is established in §4.1.2. □

4.2.4. Let Y = Spd(R,R+), where (R,R+) is a fiercely v-complete Huber pair over
(Qp,Zp).

Lemma 4.2.5. If H → Spd(R,R+) is a p-divisible v-group such that LieH comes from an
analytic vector bundle over Spa(R,R+), then there is a unique commutative group Hrig →
Spa(R,R+) in smooth analytic adic spaces over Spa(R,R+) whose associated diamond is
H.

Proof. This follows from Proposition 4.1.10 and its proof, using Lemma 4.2.3. □
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This gives us a theory of p-divisible rigid analytic groups over arbitrary fiercely v-complete
Huber pairs over (Qp,Zp).

Lemma 4.2.6. Let H → Y be a v-sheaf of commutative groups. If there is a v-cover Y ′ → Y
such that HY ′ → Y ′ is (the diamond associated to) a p-divisible rigid analytic group, then
H → Y is a p-divisible v-group.

Proof. The property that Hom Y (Zp
Y
, H)→ H is an isomorphism can be checked v-locally,

because it is a map of v-sheaves. By [44, Proposition 10.11.(iii)], the same is true for the
property that [p] is finite étale surjective. The existence of the logarithm as in Lemma 4.2.3
can also be proved v-locally, and the representability over perfectoid spaces follows from the
existence of the logarithm as in the proof of Lemma 4.2.5. □

If Y is a sousperfectoid adic space over SpaQp or a rigid space over a non-archimedean
extension of Qp, and H → Y is a p-divisible rigid analytic group, then H♢ → Y ♢ is a
p-divisible v-group; this follows as in Lemma 4.2.6. We note however that H 7→ H♢ is
generally not essentially surjective.

4.2.7. Classification. Let Y be a small v-stack.

Definition 4.2.8. Let HT (Y ) be the category of Hodge–Tate triples consisting of triples
(T,W,α), where T is a Zp-local system on Yv, where W is a locally free sheaf of OY -modules
on Yv, and where α : W → T (−1)⊗Zp

OY is a morphism. For L = (T,W,α) ∈ HT (Y ), we

write HL for the fiber product

HL T (−1)⊗Zp
Ĝ♢

m,η,Y

W T (−1)⊗Zp
G♢

a,Y .

⌟
1⊗log♢

α

Lemma 4.2.9. The functor L 7→ HL commutes with basechange along Y ′ → Y .

Proof. This follows from the fact that tensor products of sheaves of modules and fiber
products of sheaves both commute with base change. □

Lemma 4.2.10. Let Y be a small v-stack. If L ∈ HT (Y ), then the v-sheaf in commutative
groups HL → Y is a p-divisible v-group.

Proof. By Lemma 4.2.9, it suffices to prove representability when Y = Spd(A,A+) with
(A,A+) ∈ Perfd. In this case, the sheaf W of OY -modules is free étale locally on Y by
[35, Theorem 3.5.8], and the result is Proposition 4.1.10. □

4.2.11. If Y is a locally spatial diamond in the sense of [44, Definition 11.17], then we
define the full subcategory HT ét(Y ) ⊂ HT (Y ) of étale Hodge–Tate triples to be those
triples (T,W,α) with W an étale vector bundle (using the étale site of [44, Definition 14.1]).
If X is a sousperfectoid adic space over SpaQp or a rigid space over a non-archimedean
extension of Qp, then, by [44, Lemma 15.6], HT ét(X

♢) = HT ét(X), where the latter was
defined in Definition 4.1.9.

Conjecture 1. Let Y be a small v-stack. The functor L = (T,W,α)→ HL is an equivalence
of categories between HT (Y ) and the category of p-divisible v-groups over Y .
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Note that both categories are the evaluation of a v-stack on Y : For HT (Y ) this is clear
from the definition and for p-divisible v-groups this is Lemma 4.2.6. Thus it suffices to prove
Conjecture 1 for Y a (strictly totally disconnected) perfectoid space; this will be done in
the forthcoming PhD thesis of Gerth [19].

4.3. p-divisible v-groups of finite height. Let Y be a small v-stack.

Definition 4.3.1. We say that a triple L = (T,W,α) ∈ HT (Y ) has finite height if α
is injective. Note that this condition is stable under pullback along Y ′ → Y . We define
HT fh(Y ) ⊂ HT (Y ) to be the full subcategory of triples L = (T,W,α) of finite height. We
say that a p-divisible v-group H → Y has finite height if H = HL with L of finite height.

If H arises as the generic fiber of a p-divisible group, then it is of finite height, see Propo-
sition 4.3.4. As a special case, this includes the generic fibers of p-divisible (equivalently,
finite height) formal groups; this explains our choice of terminology.

Lemma 4.3.2. Let Y be a small v-stack and L = (T,W,α) ∈ HT (Y ). The triple L has
finite height if and only if α realizes W as a local direct summand of T (−1)⊗Zp

OY . In this

case, coker(α) is a locally free OY -module.

Proof. The if direction is trivial. Thus, let us assume α is injective. We may assume
that Y = Spd(A,A+) is perfectoid and that W has constant rank over Y . Via taking
global sections, the category of locally free of finite rank OY -modules is equivalent to the
category of finite projective A modules, see [35, Theorem 3.5.8]. Let P = H0(Y,W ) and
Q = H0(Y, T (−1)⊗Zp

OY ) be the associated finite projective A modules, and let f : P ↪→ Q

be the associated map. By testing on geometric points, we find that for any x ∈ Spa(A,A+),
the map f ⊗A κ(x) : P ⊗A κ(x)→ Q⊗A κ(x) is also injective. Thus Coker(f)⊗A κ(x) has
constant rank and, by [34, Proposition 2.8], Coker(f) is finite projective. Thus the short
exact sequence

0→ P → Q→ Coker f → 0

is split, and any associated direct sum decomposition Q = P ⊕ Coker f induces the desired
direct sum decomposition of sheaves

T (−1)⊗Zp
OY = Q⊗A OY = (P ⊗A OY )⊕ (coker(f)⊗A OY ) = W ⊕W ′.

□

4.3.3. The following proposition shows that the adic generic fiber of a (classical) p-divisible
group is of finite height. Recall that given a p-divisible group H over a p-adic formal scheme
X, there is a Serre-dual p-divisible group H∨ and a Hodge–Tate map TpH∨ → ωH, see for
example Section 7.1.5 below.

Proposition 4.3.4. Let (R,R+)/(Qp,Zp) be a fiercely v-complete Huber pair. If H is a
p-divisible group over Spf R+, then there is a canonical isomorphism

H♢
η

∼−→ HL for L = (TpHη,LieH⊗R+ OY ,LieH⊗R+ OY ↪→ TpHη(−1)⊗Zp
OY ).

Here α : LieH⊗R+ OY ↪→ TpHη(−1)⊗Zp
OY is the dual Hodge–Tate map.

Proof. We follow the proof of [46, Theorem 5.2.1]. Let Tp(H) be the p-adic Tate module of

H = Hη, which is a Zp-local system on Spa(R,R+) that we can identify with (TpH∨)
ad
η . Let

H ′ = Tp(H)⊗Zp
R
Ĝm,η,R and note that there is a natural map H → H ′ of p-divisible rigid

analytic groups over Spa(R,R+) which induces an isomorphism Tp(H)
∼−→ Tp(H

′) on p-adic
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Tate modules. The induced map LieH[ 1p ] = LieH → LieH ′ = Tp(H)(−1) ⊗Zp A1
Spa(R,R+)

is moreover identified with the Hodge–Tate map. Thus we get a commutative diagram

H H ′

LieH⊗R+ A1
Spa(R,R+) TpHη(−1)⊗Zp A1

Spa(R,R+)

and the proposition comes down to showing that it is in fact Cartesian. This can be proved
as in the proof of [46, Theorem 5.2.1]. □

4.3.5. Let Y be a small v-stack.

Definition 4.3.6. A locally analytic character datum over Y is a triple X = (Λ, V, γ), where
Λ is a Zp-local system over Y , where V is a locally free of finite rank sheaf of OY -modules
and γ is a surjection γ : Λ ⊗Zp OY → V . We will write CD(Y ) for the category of locally

analytic character data over Y . For X = (Λ, V, γ) we define the character v-group to be the
fiber product

HX Hom Y (ΛY , Ĝ♢
m,η,Y )

HomOY
(V,G♢

a,Y ) Hom Y (ΛY ,G♢
a,Y ).

Log

γ∗

There is a contravariant functor CD(Y )→ HT fh(Y ) given by

X = (Λ, V, γ) 7→ X∨ = (Λ∗(1), V ∗, γ∗),

which is an equivalence of categories with inverse

L = (T,W,α) 7→ L∨ = (T ∗(1),W ∗, α∗).

Lemma 4.3.7. Let Y be a small v-stack and let X be a locally analytic character datum
over Y . There is a functorial isomorphism

HX → HX∨ .

In particular, HX is a p-divisible v-group, and every finite height p-divisible v-group is of
the form HX for some character datum X .

Proof. Observe that

Hom Y (ΛY , Ĝ♢
m,η,Y ) = Λ∗ ⊗Zp

Ĝ♢
m,η,Y

Hom Y (ΛY ,G♢
a,Y ) = Λ∗ ⊗Zp

G♢
a,Y

Hom Y (V,G♢
a,Y ) = V ∗.

The first part of the lemma is now a direct consequence of the definition of X∨, together with
Definition 4.3.6 and Definition 4.2.1. The second part of the lemma follows from Lemma
4.2.10. □
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4.3.8. Moduli. Fix an integer h ≥ 0 and an integer 0 ≤ d ≤ h and let Y be a small v-stack.
Then there is a full subcategory LAh,d(Y ) ⊂ HT fh(Y ) consisting of those triples (T,W,α)
where T is locally free of rank h and W is locally free of rank d. Note that the assignment
Y 7→ LAh,d(Y ) ⊂ HT fh(Y ) is a substack for the v-topology. Consider the natural action of

GLh(Zp) on Gr♢h,d, where Grh,d is the (schematic) Grassmannian of d-planes in Q⊕h
p .

Lemma 4.3.9. There is an equivalence of v-stacks on Perf[
Gr♢h,d /GLh(Zp)

]
→ LAh,d.

Proof. It suffices to define the equivalence on affinoid perfectoid test objects (A,A+), where
it is essentially a tautology once we use the fact that v-vector bundles on affinoid perfectoid
spaces descend to analytic vector bundles, see [35, Theorem 3.5.8]. □

5. Sheaves of functions and distributions

In §5.1, we show that sheaves of functions on p-divisible v-groups over small v-stacks
have good functional analytic properties, see Proposition 5.1.1. In §5.2, we introduce spaces
of locally analytic functions associated with locally analytic character data, and show that
these have good functional analytic properties, see Proposition 5.2.9.

5.1. Functions on p-divisible v-groups. Let Y be a small v-stack and let L = (T,W,α) ∈
HT (Y ) be a Hodge–Tate triple. Consider the p-divisible v-group HL

f−→ Y constructed from
L as in Definition 4.2.8 and Lemma 4.2.10. Write OHL/Y = f∗OHL for the pushforward on
v-sites, and let DHL/Y = HomOY

(OHL/Y ,OY ) be its dual.

Proposition 5.1.1. If Y = Spd(R,R+) for a fiercely v-complete Huber pair (R,R+) over
(Qp,Zp) and W is free, then the following hold:

(1) For all morphisms of fiercely v-complete Huber pairs (R,R+)→ (B,B+), the natural
map (where Y ′ = Spd(B,B+))

H0
cond(Y,OHL/Y )⊗■

R B → H0
cond(Y

′,OHL/Y )

is an isomorphism.
(2) The natural map

H0
cond(Y,OHL/Y )⊗■

R H0
cond(Y,OHL/Y )→ H0

cond(Y,OHL×L/Y )

is an isomorphism.
(3) The natural map

H0
cond(Y,DHL/Y )→HomR(H

0
cond(Y,OHL/Y ), R)

is an isomorphism.
(4) The natural map

H0
cond(Y,DHL/Y )⊗■

R H0
cond(Y,DHL/Y )→ H0

cond(Y,DHL×L/Y )

is an isomorphism.

For Y an arbitrary small v-stack, the following hold:

(5) The sheaf OHL/Y is reflexive.
(6) The sheaf OHL/Y is locally strongly countably Fréchet of compact type in the sense

of Definition 3.2.8.
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(7) The natural map

OHL/Y ⊗■
OY
OHL/Y → OHL×L/Y .

is an isomorphism.
(8) The natural map

DHL/Y ⊗■
OY
DHL/Y →

(
OHL/Y ⊗■

OY
OHL/Y

)∗
is an isomorphism.

We start by proving a geometric lemma.

Lemma 5.1.2. Let Y = Spa(R,R+) for a fiercely v-complete Huber pair (R,R+) over

(Qp,Zp). Let L = (T,W,α) ∈ HT ét(Y
♢) and let Hrig

L = H → Y be the corresponding
commutative smooth group in adic spaces (see Lemma 4.2.5). If W is free, then there is
an increasing union of open affinoid Y -subgroups Hn ⊂ H indexed by n ∈ Z≥1 such that
H =

⋃
n Hn and such that:

• For each n, there is a finite étale map Hn → U , where U is a closed ball in W . In
particular, O(Hn) is a (topological) direct summand of the countably orthonormal-
izable Banach R-module O(U)⊕mn for some mn.

• For n < n′ the restriction map O(Hn′) → O(Hn) has dense image and the map
O(Hn′)→ O(Hn) is compact in the sense of Section 2.3.2.

Proof. Following the proof and notation of Lemma 4.1.11, we will write Hn =
⋃

n Hn where
eachHn is finite étale over a ball U ⊂W . ThenHn = Spa(An, A

+
n ), where An is a finite étale

A = O(U)-algebra. In particular, An is a finite projective A-module, so a direct summand
of A⊕mn for some mn (see the proof of Lemma 3.3.2). Now, since W is trivializable, we may
choose U to be an affinoid ball, so that A is orthonormalizable and we obtain the claim (2)
on the structure of An.

For the claims about dense image and compactness, note that the diagram

Hn Hn+1

U U

pn·log pn+1·log

p

realizes Hn as a clopen subset of Hn+1 ×U pU . Thus O(Hn) is a direct summand of
O(Hn+1 ×U pU) as a topological R-module. We find that O(Hn+1) → O(Hn) can be
factored as

O(Hn+1) O(Hn+1 ×U pU) O(Hn)

O(U)m O(pU)m

⊕ ⊕

where the middle vertical arrow is obtained by tensoring the left vertical arrow over O(U)
along the restriction map O(U)→ O(pU).

In particular, to see that O(Hn+1) → O(Hn) has dense image, we claim it suffices to
see that O(U) → O(pU) has dense image. Indeed, choosing an idempotent e projecting
from O(U)m onto O(Hn+1), we see that image of O(Hn+1) → O(Hn) is dense because
O(Hn+1 ×U pU) → O(Hn) is a surjection and O(U)m → O(pU)m has dense image thus
O(Hn+1) → O(Hn+1 ×U pU) also has dense image as it can be identified with eO(U)m →
eO(pU)m. Now, we obtain the desired density because O(U)→ O(pU) evidently has dense
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image: Choosing coordinates, it is the natural inclusion R⟨T1, . . . Td⟩ → R⟨T1

p . . . , Td

p ⟩, whose
image contain the polynomials R[T1, . . . , Td], which are a dense subset.

Similarly, to see O(Hn+1) → O(Hn) is compact, since it is obtained from O(U)m →
O(pU)m by pre-composition with the inclusion of a direct summand and post-composition
with projection onto a direct summand, it suffices to show that O(U)m → O(pU)m is
compact. Since a finite direct sum of compact maps is compact, it thus suffices to show
O(U) → O(pU) is compact. To prove this, we can moreover reduce to the case that
Y = Spd(Qp,Zp) by Lemma 2.3.3, and then the result is well known in classical functional
analysis; with the present condensed definitions see, e.g., [40, Remark 4.9]. □

Corollary 5.1.3. Let Y = Spa(R,R+) for a fiercely v-complete Huber pair (R,R+) over

(Qp,Zp). Let L = (T,W,α) ∈ HT ét(Y
♢) and let H = Hrig

L → Y be the corresponding
commutative smooth group in adic spaces (see Lemma 4.2.5). If W is free, then O(H) is a
strongly countably Fréchet R-module of compact type.

Proof of Proposition 5.1.1. Part (1) is a direct consequence of Lemma 3.2.9 and Lemma
5.1.2. Part (2) follows from Proposition 3.3.6 and Lemma 5.1.2. Part (3) follows from
Lemma 3.2.3 and part (1). Part (4) follows from parts (2) and (3), in combination with
Corollary 5.1.3 and Corollary 2.4.11.

For the rest of the proposition, we can reduce to the case that T and W are trivial
and that Y = Spd(A,A+) is affinoid perfectoid. Part (6) is then a direct consequence of
Lemma 3.3.2 and Lemma 5.1.2. Part (5) follows from Corollary 3.2.11 and part (7) from
Proposition 3.3.7. Finally, part (8) follows by applying (3) and (4) to affinoid perfectoid
(A,A+)→ (B,B+). □

5.1.4. Let Y be a small v-stack, let L = (T,W,α) ∈ HT (Y ) and let H = HL be the
corresponding p-divisible v-group. Using part (7) of Proposition 5.1.1, we see that the
Künneth map

OH/Y ⊗■
OY
OH/Y → O(H×Y H)/Y

is an isomorphism. This means that we can use the group structure (given by the multipli-
cation map and the identity section) to equip OH/Y with the structure of a commutative

solid Hopf OY -algebra.
12

Let DH/Y be HomOY
(OH/Y ,OY ). Then by part (8) of Proposition 5.1.1, we see that

the natural map

DH/Y ⊗■
OY
DH/Y →HomOY

(OH/Y ⊗■
OY
OH/Y ,OY )

is an isomorphism. This means that the commutative solid Hopf OY -algebra structure on
OH/Y induces a commutative solid Hopf OY -algebra structure on DH/Y .

5.2. Locally analytic functions. Let Y be a small v-stack and let X = (Λ, V, γ) be a

locally analytic character datum. We are going to define a sheaf Oγ−la
Λ/Y ⊆ OΛ/Y of functions

that extend locally along γ to an open neighborhood in V , and show that it is a subsheaf
of OΛ/Y .

Definition 5.2.1. Let Y be a small v-stack.

12We define a commutative solid HopfOY -algebra to be a co-commutative co-group object in the category
of commutative solid OY -algebras with the solid tensor product. It follows in the usual way that for a

commutative group H → Y satisfying the Künneth formula for the solid tensor product, the sheaf OH/Y is

a solid Hopf OY -algebra.
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(1) Let X = (Λ, V, γ) be a locally analytic character datum over Y . We define

Oγ−la
Λ/Y := lim−→

(n,U)

OU/Y ,

where the colimit is over pairs (n,U) where n ∈ Z≥0 and U is an open neighborhood
of the image of Λ in Λ/pnΛ× V (under the product of Λ→ Λ/pn and γ|Λ). We let

Dγ−la
Λ/Y := HomOY

(Oγ−la
Λ/Y ,OY ).

(2) Let Λ be a Zp-local system over Y . We write Ola
Λ/Y := O

IdΛ⊗ZpOY
−la

Λ/Y , i.e., the sheaf

of locally analytic functions attached to the character datum (Λ,Λ⊗Zp
OY , IdΛ⊗ZpOY

).

5.2.2. The assignment (Λ, V, γ) 7→ Oγ−la
Λ/Y is contravariantly functorial in (Λ, V, γ).

Lemma 5.2.3. In the notation of Definition 5.2.1-(1), suppose U0 is an open subsheaf of
V containing γ(Λ ⊗Zp O+

Y ) and contained in p−Nγ(Λ ⊗Zp O+
Y ) for some N > 0. Then,

the subsheaf U0,n of Λ/pn ×Y V consisting of pairs (λ, v) where γ(λ) − v ∈ pnU0 for one,

equivalently any, local lift λ of λ, is open. Moreover, there is a natural isomorphism

Oγ−la
Λ/Y → lim−→

n

OU0,n/Y .

Proof. To verify that U0,n is an open subsheaf, it suffices to show that U0,n is open after

restriction to any affinoid perfectoid test object Y ′ = Spa(A,A+) where Λ ≃ Zh
p is trivial

and V ≃ Od
Y ′ . We thus assume Y = Y ′ and fix such trivializations. For any n ≥ 0, we

may fix elements λ1, . . . , λpnh of Zh
p that map bijectively onto Zh

p/p
nZh

p . Then U0,n is the
disjoint union of the open subsheaves

{λi} × (γ(λi) + pnU0) ⊆ Λ/pnΛ×Y V.

To show the second statement, we observe that U0,n is an open neighborhood of the image
of Λ in Λ/pnΛ× V . Thus there is a restriction map

lim−→
n

OU0,n/Y → lim−→
(n,U)

OU/Y .

We can show it is an isomorphism after restricting to any affinoid perfectoid Y ′ = Spa(A,A+)
where Λ and V are trivial. We thus assume Y = Y ′ and fix such trivializations. Then, it
suffices to show that for each (U, n) as in Definition 5.2.1-(1), there exists m ≥ n such that
U0,m is contained in the pre-image of U under Λ/pmΛ × V → Λ/pnΛ × V . Equivalently,
that the image of U0,m in Λ/pnΛ× V is contained in U for some m.

For this, we note that U0,m is the image in Λ/pmΛ × V of Λ × pmU0 (under the map
given by the product of Λ → Λ/pn and γ|Λ in the first factor).Thus the image of U0,m in
Λ/pnΛ× V is also the image of Λ× pmU0. But these clearly form a basis of neighborhoods
of the image of Λ as m goes to infinity. □

Remark 5.2.4. In Lemma 5.2.3, one can always take U0 = γ(Λ⊗Zp O+
Y ), and this choice is

moreover functorial so that we could have simply defined Ola
Λ/Y as the colimit in Lemma

5.2.3 for this fixed choice of U0. However, to establish good functional analytic properties of

Oγ−la
Λ/Y , it is convenient to use the more general definition; in particular, it will be convenient

to take U0 to be an affinoid ball containing γ(Λ ⊗Zp
O+

Y ) so that one obtains a colimit of

Banach modules under injective transition maps.
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Lemma 5.2.5. For any map of small v-stacks f : Y ′ → Y , the natural map

f∗Oγ−la
Λ/Y → O

f∗γ−la
f∗Λ/Y ′

is an isomorphism.

Proof. The presentation of Lemma 5.2.3 is compatible with pullback, and then we can use
Corollary 3.1.4. □

5.2.6. Let Y be a small v-stack and X = (Λ, V, γ) be a locally analytic character datum.
Note that for an affinoid perfectoid Y ′ = Spa(A,A+) → Y , the basechange U0,m,Y ′ is the
diamond associated with a smooth commutative group in adic spaces, with Lie algebra VY ′ .
Then VY ′ acts by invariant derivations on each term of the direct system, and thus on the

colimit Oγ−la
Λ/Y . This action is moreover compatible with pullback, and thus gives an action

of V on Oγ−la
Λ/Y . In other words, we have constructed a functorial OY -linear map

V → EndOY
(Oγ−la

Λ/Y ).

Lemma 5.2.7. Let (Λ, V, γ) be as before and let W = ker γ. Then the natural map

Oγ−la
Λ/Y → O

la
Λ/Y

induced by (Λ,Λ ⊗Zp
OY , idΛ⊗ZpOY

) → (Λ, V, γ) is a monomorphism and identifies Oγ−la
Λ/Y

with the W -fixed points of Ola
Λ/Y under the action of §5.2.6.

Proof. By the compatibility with pullback of Lemma 5.2.5 we may assume Y is an affinoid
perfectoid Spa(A,A+) and Λ, V , and W are all trivial. Let U ′

0 = Λ ⊗Zp
O+

Y and U0 =

γ(Λ ⊗Zp
O+

Y ). Using the presentation of Lemma 5.2.3 twice, we can identify the natural

map of the lemma with

lim−→
m

OU0,m/Y → lim−→
m

OU ′
0,m/Y .

By the discussion in §5.2.6, this natural map is Λ⊗Zp OY -equivariant for the action on the
left hand side given by γ : Λ⊗Zp

OY → V . In particular, it induces a natural map

lim−→
m

OU0,m/Y →

(
lim−→
m

OU ′
0,m/Y

)W

,

which we want to show is an isomorphism. Taking fixed points for the action of W is a finite
limit (since W is a finitely generated free OY -module) and thus passes through the filtered
colimit. Thus it suffices to show that the natural map

OU0,m/Y → (OU ′
0,m/Y )

W

is an isomorphism. In other words, we are trying to show that functions on a ball inside
Λ ⊗Zp OY that are killed by the derivations coming from W = ker γ, must factor through

γ : Λ⊗Zp
OY → V . Writing Λ⊗Zp

OY as W ⊕ V , see Lemma 4.3.2, this can be checked in

coordinates where it is straightforward. □

It is immediate from Definition 5.2.1 that there is a natural restriction map

(5.2.1) Oγ−la
Λ/Y → OΛ/Y .

Lemma 5.2.8. The restriction map (5.2.1) is injective.
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Proof. By Lemma 5.2.7, it suffices to prove that the restriction map Ola
Λ/Y → OΛ/Y is

injective. Evaluating on an affinoid perfectoid Spa(A,A+)/Y where Λ ≃ Zh
p is trivial,

the restriction map is the natural injection C la(Zh
p , A) ↪→ C0(Zh

p , A). We conclude as such
affinoid perfectoids form a basis for Yv. □

Let Y be a small v-stack and let X = (Λ, V, γ) be a locally analytic character datum over
Y .

Proposition 5.2.9. Assume that Y = Spd(R,R+) for a fiercely v-complete Huber pair
(R,R+) over (Qp,Zp) and that V is free. The following hold:

(1) For all morphisms of fiercely v-complete Huber pairs (R,R+)→ (B,B+), the natural
map (Y ′ = Spd(B,B+))

H0
cond(Y,O

γ−la
Λ/Y )⊗■

A B → H0
cond(Y

′,Oγ−la
Λ/Y )

is an isomorphism.
(2) The natural map

H0
cond(Y,O

γ−la
Λ/Y )⊗■

R H0
cond(Y,O

γ−la
Λ/Y )→ H0

cond(Y,O
(γ⊕γ)−la
(Λ⊕Λ)/Y )

is an isomorphism.
(3) The natural map

H0
cond(Y,D

γ−la
Λ/Y )→HomA(H

0
cond(Y,O

γ−la
Λ/Y ), R)

is an isomorphism.
(4) The natural map

H0
cond(Y,D

γ−la
Λ/Y )⊗■

R H0
cond(Y,D

γ−la
Λ/Y )→ H0

cond(Y,D
(γ⊕γ)−la
(Λ⊕Λ)/Y )

is an isomorphism.

(5) The module H0
cond(Y,D

γ−la
Λ/Y ) is strongly countably Fréchet of compact type.

For an arbitrary small v-stack Y , the following hold:

(6) The sheaf Oγ−la
Λ/Y is reflexive.

(7) The sheaf Dγ−la
Λ/Y is locally strongly countably Fréchet of compact type.

(8) The natural map

Oγ−la
Λ/Y ⊗

■
OY
Oγ−la

Λ/Y → O
(γ⊕γ)−la
(Λ⊕Λ)/Y

is an isomorphism.
(9) The natural map

Dγ−la
Λ/Y ⊗

■
OY
Dγ−la

Λ/Y →
(
Oγ−la

Λ/Y ⊗
■
OY
Oγ−la

Λ/Y

)∗
is an isomorphism.

We start by proving a lemma.

Lemma 5.2.10. Let Y = Spd(R,R+) for a fiercely v-complete Huber pair (R,R+) over

(Qp,Zp), and let X = (Λ,O⊕d
Y , γ) be a locally analytic character datum such that γ

∣∣
Λ
factors

through the unit ball (O+
Y )

d. For any n ≥ 0, let Un ⊆ Λ/pnΛ × O⊕d
Y be the open subset of

pairs (λ,w) where γ(λ)− w ∈ pn(O+
Y )

d. Then

Oγ−la
Λ/Y (Y ) = lim−→

n

O(Un) = lim−→
n

H0(Y,OUn/Y ),
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and H0
cond(Y,OUn/Y ) is a direct summand of an orthonormalizable Banach R-module.

Moreover, suppose (R,R+) → (B,B+) is a map of fiercely v-complete Huber pairs, and
let Y ′ = Spd(B,B+). Then the natural map

H0
cond(Y,OUn/Y )⊗

■
R B → H0

cond(Y
′,OUn/Y )

is an isomorphism.

Proof. The first equality follows from Lemma 5.2.3.
For the rest, we first choose a perfectoid cover Y∞ = Spa(R∞, R+

∞) with R∞ = (lim−→i
Ri)

∧

where each R → Ri is faithfully flat finite étale and such that Λ is trivial after pullback to
Y∞ — this is possible by first taking a cover as in [34, Lemma 3.6.26] and then taking fiber
products with the trivializing covers for Λ/piΛ. We write R+

i for the integral closure of R+

in Ri, and Yi = Spa(Ri, R
+
i ).

We are going to first show that, for some index i, Un×Y Yi is a finite disjoint union of balls
over Yi. First we fix a section λ : Y∞ → ΛY∞ . We write λ : Y∞ → (Λ/pnΛ)Y∞ for the induced

map. Then the map pnO+
Y∞
→ λ

∗
Un,Y∞ , v 7→ γ(λ)+ v is an isomorphism, i.e., λ

∗
Un,Y∞ is a

closed ball of radius |pn| in Ad
Y∞

centered at γ(λ). Writing γ(λ) = (a1, . . . , ad) ∈ Rd
∞, we find

that, by the density of lim−→i
Ri in R∞, for i sufficiently large there is a center (b1, . . . , bd) ∈ Rd

i

for the same ball.
In particular, if we first pass to i large enough to fix an isomorphism Λ/pnΛ = (Zp/p

nZp)
h,

then we may pass to a further i so that for each α ∈ (Zp/p
nZp)

h, we have Un|α×Yi is a ball
of radius pn. Thus Un×Y Yi is a disjoint union of pnh d-dimensional balls of radius |pn| over
Yi. It follows, in particular, that O(Un ×Y Yi) is an orthonormalizable Banach Ri-module.

Now, since R → Ri is faithfully flat finite étale, descent is effective along R → Ri, and
thus we find

O(Un)⊗R Ri = O(Un ×Y Yi).

(in making the descent argument, note that Ri/R is finite so the completed tensor product
with Ri agrees with the regular tensor product). Note that Ri is projective over R, so R is
a direct summand of Ri as an R-module and Ri is a direct summand of Rm as an R-module
(see the proof of Lemma 3.3.2). It follows from Lemma 3.1.6 that H0

cond(Y,OUn/Y ) is a
direct summand of an orthonormalizable Banach R-module.

Now suppose given a map (R,R+) → (B,B+) of fiercely v-complete Huber pairs, let
Y ′ = Spa(B,B+), and, for i as above, let Y ′

i = Yi ×Y Y ′ = Spa(Bi, B
+
i ). Then, since

Un ×Y Yi is a union of pnh d-dimensional balls of radius |pn|, we see that the natural map

H0
cond(Un ×Y Yi,O)⊗■

Ri
Bi → H0

cond(Un ×Y Y ′
i ,O)

is an isomorphism. Indeed, this amounts to checking Ri⟨T1, . . . , Td⟩⊗■
Ri

Bi ≃ Bi⟨T1, . . . Td⟩,
which is Proposition 2.2.7. But now applying the projectors for the direct summands as
above, we conclude

H0
cond(Un ×Y Y ′,O) = H0

cond(Un,O)⊗■
R B,

giving the claimed result. □

In the proof of Proposition 5.2.9, we will need the following lemma.

Lemma 5.2.11. With the notation as in Lemma 5.2.10, let U◦
n ⊂ Λ/pn+1Λ×O⊕d

Y denote

the open subset of pairs (λ,w) where γ(λ)−w ∈ pn+ε(O+
Y )

d for some ε > 0. Then we have

Oγ−la
Λ/Y (Y ) = lim−→

n

H0(Y,Obdd
U◦

n/Y
),



50 ANDREW GRAHAM, POL VAN HOFTEN, AND SEAN HOWE

where Obdd
U◦

n/Y
:= O+

U◦
n/Y

[ 1p ], and each term in the colimit is a direct summand of a countably

free Smith R-algebra.

Proof. This follows as in the proof of Lemma 5.2.10, noting that U◦
n,Yi

is union of p(n+1)h

“open balls” of radius |pn|, and that the restriction maps OUn/Y → OUn+1/Y factor through

Obdd
U◦

n
. We now observe that each term in the colimit is a direct summand of a countably free

Smith R-algebra because Obdd
U◦

n,Yi

is countably free Smith; indeed, one has Obdd
U◦

n,Yi

(R,R+) ≃⊕
(Z/pn+1Z)h R

+[[T1, . . . , Td]][
1
p ] for any affinoid open Spd(R,R+)→ Yi, see Lemma 3.3.9. □

Proof of Proposition 5.2.9. Part (1) follows from Lemma 5.2.10 by commuting the colimit
with the solid tensor product. Part (3) follows directly from the first property and Lemma
3.2.3. Part (2) follows directly from Lemma 5.2.10 and Lemma 3.3.4, together with the fact
that the solid tensor product commutes with direct limits.

We now continue with the notation of Lemma 5.2.11.

Claim 5.2.12. The dual transition maps

Obdd(U◦
n)

∗ → Obdd(U◦
n+1)

∗

are compact in the sense of Section 2.3.2 and have dense image.

Proof of Claim. We can choose an i sufficiently large as in the proof of Lemma 5.2.11 so
that U◦

n+1 × YYi
is a union of p(n+2)h open balls of radius |p(n+1)|, U◦

n ×Y Yi is a union of

p(n+1)h open balls of radius |pn|, and the map U◦
n ×Y Yi → U◦

n+1×Y Yi is described on each

open ball of radius |pn| as the sum of the restriction maps to ph (not necessarily distinct)
open sub-balls of radius |pn+1|. We will reduce to analyzing these simple restriction maps.

To that end, we first note that for e an R = O(Y )-linear projector on O(Yi) such that
eO(Yi) = O(Y ), we have

eObdd(U◦
• ×Y Yi) = Obdd(U◦

• ) for • = n, n+ 1.

This implies
eObdd(U◦

• ×Y Yi)
∗ = Obdd(U◦

• )
∗ for • = n, n+ 1.

so it suffices to prove that

(5.2.2) Obdd(U◦
n+1 ×Y Yi)

∗ → Obdd(U◦
n ×Y Yi)

∗

has dense image and is compact, since these properties are preserved after applying e.
To that end, we first note that for any of the single restriction maps from a ball of radius

|pn| to |pn+1|, we are free to choose coordinates such that both balls are centered at zero
and rescale to obtain, at the level of functions, the map

R+
i [[T1, . . . , Td]][

1
p ]

Ti 7→pTi−−−−−→ R+
i [[T1, . . . , Td]][

1
p ].

The dual of this map is

(5.2.3) R∗
i ⟨S1, . . . , Sd⟩

Si 7→pSi−−−−−→ R∗
i ⟨S1, . . . , Sd⟩

where R∗
i denotes the R-linear dual. Since Ri is projective, so is R∗

i , thus for some N this
is a direct summand of the map

(R⟨S1, . . . , Sd⟩
Si 7→pSi−−−−−→ R⟨S1, . . . , Sd⟩)⊕N .

Thus, to see (5.2.3) has dense image and is compact, it suffices to observe that

(5.2.4) R⟨S1, . . . , Sd⟩
Si 7→pSi−−−−−→ R⟨S1, . . . , Sd⟩.
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has dense image and is compact (since these properties are preserved under finite direct
sums and, by applying a projector as earlier in the proof, direct summands). The image
of (5.2.4) is dense because it contains the polynomials R[S1, . . . , Sd], and we have already
argued at the end of the proof of Lemma 5.1.2 that (5.2.4) is compact.

Since (5.2.3) has dense image, so does (5.2.2): this follows already by considering a single
ball in U◦

n+1×Y Yi contained in each ball in U◦
n×Y Yi. Similarly, by grouping the restriction

maps according to their source ball in U◦
n ×Y Yi, we find that (5.2.3) is a direct sum of pnh

maps, each of which is a sum of ph compact maps, and thus it is compact. □

The claim proves part (5). Now part (4) follows from (2) together with part (3) and
Corollary 2.4.11.

Parts (6)-(9) are v-local on the base and so we may assume that Y = Spd(A,A+) with
(A,A+) perfectoid and with Λ and V free. We prove (6) directly, by computing

HomOY
(HomOY

(lim−→
n

Obdd
U◦

n
,OY ),OY )

= HomOY
(lim←−

n

HomOY
(Obdd

U◦
n
,OY ),OY )

= lim−→
n

HomOY
(HomOY

(Obdd
U◦

n
,OY ),OY )

as in the proof of Corollary 3.2.11, using (5). We conclude by the reflexivity of (direct
summands of) countably free smith OY -modules, see Proposition 3.2.2. Part (7) follows by
applying part (5) to affinoid perfectoid (A,A+) over Y and similarly part (8) follows from
part (2) and part (9) follows from parts (2)-(4). □

5.2.13. Let Y be a small v-stack and let X = (Λ, V, γ) be a locally analytic character datum
over Y .

Lemma 5.2.14. Both Oγ−la
Λ/Y and Dγ−la

Λ/Y are naturally solid Hopf OY -algebras.

Proof. For Oγ−la
Λ/Y , the algebra structure is the natural one (and the multiplication structure

factors through the solid tensor product), induced from the individual algebra structures on

the terms in the colimit defining Oγ−la
Λ/Y . For the co-algebra structure, consider the morphism

Λ⊕ Λ
γ⊕γ−−−→ V ⊕ V.

The co-algebra structure is now induced from pulling back along the addition map Λ⊕Λ→ Λ
and using Proposition 5.2.9-(8). The co-unit is induced from the natural map 0→ Λ.

This solid Hopf OY -algebra structure on Oγ−la
Λ/Y induces a solid Hopf OY -algebra structure

on Dγ−la
Λ/Y once we show that the natural map(

Oγ−la
Λ/Y ⊗

■
OY
Oγ−la

Λ/Y

)∗
← Dγ−la

Λ/Y ⊗
■
OY
Dγ−la

Λ/Y

is an isomorphism. But this is part (9) of Proposition 5.2.9. □

6. The Fourier transform

In this section we construct the Fourier transform for p-divisible v-groups over a small
v-stack and establish the main results of this article. In §6.1, we construct the universal
character κ and establish that it is analytic (Lemma 6.1.12). In §6.2, we use this to define
the Fourier transform. In §6.3, we prove Theorem 2 (see Theorem 6.3.1), and in §6.4, we
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prove Proposition 1.1.2. Finally, we prove Theorem 1 in §6.5, and in §6.6, we compare our
results with those of Schneider–Teitelbaum [41].

6.1. The universal character. Let Y be a small v-stack and let Λ be a locally free sheaf
of Zp-modules on Yv. Let Λ

∗ := Hom Zp
(Λ,Zp) denote its linear dual. Recall that:

• G♢
a,Y denotes the group over Y satisfying G♢

a,Y (R,R+) = R for any (R,R+) ∈ Yv;

• Ĝ♢
m,η,Y denotes the group over Y satisfying Ĝ♢

m,η,Y (R,R+) = 1 + R00 for any

(R,R+) ∈ Yv, where R00 denotes the ideal of topologically nilpotent elements.

Note that all of these sheaves of abelian groups come equipped with a natural action of Zp,

see §4.1.2.

6.1.1. Recall from Example 4.1.4 that there is a logarithm map log♢ : Ĝ♢
m,η,Y → G♢

a,Y . Re-

call moreover that, for ϖ = 2p, the map log♢ is an isomorphism from B(1, |ϖ|) to B(0, |ϖ|),
with inverse defined by the usual exponential series.

6.1.2. We let HΛ = Λ∗ ⊗Zp Ĝ
♢
m,η,Y be the full character group of Λ (in terms of Definition

4.3.6, this is the group HX corresponding to the locally analytic character datum X =
(Λ,Λ⊗Zp

OY , idΛ⊗ZpOY
)).

Definition 6.1.3. Let i ≥ 0 and set ϖ = 2p. We define H
(i)
Λ ⊂ HΛ to be the open13

subgroup defined by

H
(i)
Λ = Λ∗ ⊗Zp

B(1, |ϖ|1/p
i

)♢Y

where B(1, |ϖ|1/pi

) ⊂ Ĝm,η denotes the subset defined by the inequality |T |pi ≤ |ϖ|.

Note that HΛ =
⋃

i≥0 H
(i)
Λ , and OHΛ/Y is locally strongly countably Fréchet, with a

presentation given by OHΛ/Y = lim←−i
O

H
(i)
Λ /Y

, see Proposition 5.1.1-(3).

6.1.4. Let ZΛ = Λ ⊗Zp G♢
a,Y . We will also consider certain open subgroups of this space

thickening Λ as in Lemma 5.2.10. Explicitly:

Definition 6.1.5. For i ≥ 0, consider the open affinoid subgroup G(n)
a ⊂ Ga given by

G(n)
a (R,R+) = Zp(R) + piR+. We let

ZΛ,i := Λ⊗Zp
G(i),♢

a,Y ⊂ ZΛ

denote the corresponding open subgroup.

Lemma 6.1.6. OZΛ,i/Y is locally countably orthonormalizable Banach.

Proof. For (R,R+) ∈ Yv such that Λ|Spa(R,R+) is free of rank h, if we fix an isomorphism

Λ|Spa(R,R+)
∼= Zh

p , then ZΛ,n,Spd(R,R+) is a disjoint union of balls indexed by (Zp/p
nZp)

h.

The lemma now follows from Lemma 3.3.1. □

For i ≥ 0, also consider the subgroup Z◦
Λ,i ⊂ ZΛ,i given by the sheafification of

(R,R+) 7→ pi
(
Λ(R)⊗Zp(R) R

+
)
.

13To see that this is open, we can check this v-locally – in particular, we may assume that Λ is free, and

then the result is clear.
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Lemma 6.1.7. The natural map Λ⊕Z◦
Λ,i → ZΛ,i, (λ, z) 7→ λ+z is a surjection with kernel

piΛ embedded antidiagonally by λ 7→ (λ,−λ).

Proof. Immediate. □

Consider the natural pairing

κΛ : Λ×HΛ → G♢
m,η,Y

(λ, λ′ ⊗ z) 7→ zλ
′(λ).

It is bilinear:

κ(x1 + x2, y) = κ(x1, y)κ(x2, y) and κ(x, y1y2) = κ(x, y1)κ(x, y2).

Since G♢
m,η,Y ⊆ A1,♢

Y , we may view κΛ as an element of O(Λ×Y HΛ) = OΛ/Y (HΛ).

Lemma 6.1.8. For each i ≥ 0, the restriction κ|
Λ×H

(i)
Λ

extends naturally to a pairing

κΛ,i : ZΛ,i ×H
(i)
Λ → G♢

m,η,Y .

In particular, κΛ ∈ Ola
Λ/Y (HΛ) ⊆ OΛ/Y (HΛ).

Proof. We can define a pairing on Z◦
Λ,i ×H

(i)
Λ by

(λ⊗ r, λ′ ⊗ z) 7→ exp(λ′(λ)r log(z)),

where the exponential converges because λ′(λ) ∈ Zp ⊆ O+, r ∈ piO+, and log(z) ∈
p−iϖO+, so that the product lies in ϖO+. This pairing agrees with κΛ on piΛ × H

(i)
Λ ,

thus we obtain the desired pairing κΛ,i by invoking Lemma 6.1.7. Since

Ola
Λ/Y (HΛ) = lim←−

i

Ola
Λ/Y (H

(i)
Λ ) = lim←−

i

lim−→
j

O(ZΛ,j ×H
(i)
Λ )

we conclude κΛ ∈ Ola
Λ/Y (HΛ) (note that for j ≥ i, we have κΛ,j |ZΛ,j×Y H

(i)
Λ

= κΛ,i|Zλ,j×Y H
(i)
Λ

).

□

Example 6.1.9. Suppose that Y = Spa(R,R+) for (R,R+) a fiercely v-complete Huber pair

over (Qp,Zp), and let Λ = Zp be the trivial local system. Then HΛ(Y ) = G♢
m,η,Y (Y ) =

1 +R00 and ZΛ,i(Y ) = Zp(R) + piR+. The pairing κ is given by

κ(z, 1 + t) = (1 + t)z =

∞∑
k=0

(
z

k

)
tk ∈ 1 +R00.

For z ∈ 1 + piR+, we find this series converges for t ∈ ϖ1/pi

R+. This can also be deduced
from Amice’s description of an orthonormal basis for O(ZZp,n) (see §A.2).

Lemma 6.1.10.

(1) For the derivation action · of ΛHΛ
⊗Zp
OHΛ

on Ola
ΛHΛ

/HΛ
,

λ · κΛ = ⟨λ, logHΛ
⟩κΛ,

where we view logHΛ
as a section of Λ∗

HΛ
⊗Zp
OHΛ

over HΛ.
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(2) For the derivation action · of Λ∗
HΛ
⊗Zp OHΛ on Ola

ΛHΛ
/HΛ

,

λ′ · κλ = λ′κΛ,

where on the right-hand side λ′ is viewed as a function on ΛHΛ . Here we are
identifying Λ∗

HΛ
⊗Zp OHΛ = LieHΛ ⊗OY

OHΛ .

Proof. For both statements, it suffices to work over an affinoid perfectoid Y ′ = Spa(A,A+)→
HΛ such that Λ|Y ′ ∼= Zh

p is trivial. Then, fixing such a trivialization, we may view κΛ as an

element of C la(Zh
p , A) and view logHΛ

as an element of (Zh
p)

∗ ⊗Zp A. By construction, for x

in a small enough neighborhood of 0 ∈ Zh
p , κ(x) = exp(⟨x, logHΛ

⟩).
LetA[ε] denote the ring of dual numbers overA (so ε2 = 0). For λ ∈ (ΛHΛ

⊗Zp
OHΛ

)(Y ′) =

Ah, we can then compute

(λ · κΛ)(x) = ε−1 · (κΛ(x+ ελ)− κΛ(x))

= κΛ(x)ε
−1(κΛ(ελ)− 1)

= κΛ(x)ε
−1 exp(⟨ελ, logHΛ

⟩ − 1)

= κΛ(x)⟨λ, logHΛ
⟩.

This establishes (1). Similarly, we obtain (2) by computing

(λ′ · κΛ)(x) = ε−1(exp(λ′ε)κΛ(x))− κΛ(x))

= ε−1((1 + λ′ε)κΛ(x)− κΛ(x))

= λ′κΛ(x).

□

6.1.11. General locally analytic character groups. Let Y be a small v-stack, and let X =
(Λ, V, γ) be a locally analytic character datum as in Definition 4.3.6 with associated character
group HX ⊆ HΛ. We let κX be the restriction of κΛ to Λ×Y HX .

Lemma 6.1.12. One has κX ∈ Oγ−la
Λ/Y (HX ). Furthermore, this section is contravariantly

functorial in the character datum X in the following sense: If X ′ = (Λ′, V ′, γ′) is another
locally analytic character datum and we have a morphism X → X ′, then the images of

κX and κX ′ agree under the natural maps Oγ−la
Λ/Y (HX ) → Oγ−la

Λ/Y (HX ′) and Oγ′−la
Λ/Y (HX ′) →

Oγ−la
Λ′/Y (HX ′) respectively.

Proof. The functoriality is immediate from the definitions, so we will just verify that κX ∈
Oγ−la

Λ/Y (HX ). It is equivalent to verify that κX , viewed as a global section of Ola
ΛHX /HX

over

HX , lies in Oγ−la
ΛHX /HX

. By Lemma 5.2.7, for W := ker γ, it is then equivalent to verify that

κX is annihilated by the invariant derivation action of W ⊆ ΛHΛ
⊗Zp
OHΛ

. But by Lemma

6.1.10, a section w of W acts as multiplication by the function ⟨w, logHΛ
|HX ⟩. Since, by

the definition of HX , we have that logHΛ
|HX = logHX

lies in the annihilator of W , we
conclude. □

6.2. Constructing the Fourier transforms. Let Y be a small v-stack and let X =
(Λ, V, γ) be a locally analytic character datum over Y as in Definition 4.3.6. Recall that

Dγ−la
Λ/Y := HomOY

(Oγ−la
Λ/Y ,OY ) and DHX = HomOY

(OHX /Y ,OY ).

We now use the universal character κX to define our Fourier transforms.
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6.2.1. For π : HX → Y , we define FX : Dγ−la
Λ/Y → OHX /Y to be the composition of the

natural maps

Dγ−la
Λ/Y → π∗π

∗Dγ−la
Λ/Y = π∗Dγ−la

ΛHX /HX

µ7→µ(κX )−−−−−−→ π∗OHX = OHX /Y .

From the functoriality properties of Lemma 6.1.12, it follows that FX is a natural transfor-
mation between covariant functors of the character datum X .

6.2.2. For ρ : Λ→ Y , we define FX
0 to be the composition of the natural maps (where now

we consider κ as an element of OH×Y Λ/Λ(Λ))

DHX /Y → ρ∗ρ
∗DHX /Y = ρ∗DHX×Y Λ/Λ

µ7→µ(κX )−−−−−−→ ρ∗OΛ = OΛ/Y .

Lemma 6.2.3. With notation as above, FX
0 factors through a unique map

FX : DHX /Y → Oγ−la
Λ/Y

via the inclusion Oγ−la
Λ/Y ⊆ OΛ/Y .

Proof. Uniqueness follows from the injectivity of Oγ−la
Λ/Y → OΛ/Y (Lemma 5.2.8). Thus, to

see that the factorization exists, it suffices to verify it assuming Y is affinoid perfectoid and
V is free. We then take subgroups Hn as in Lemma 5.1.2. Applying Lemma 3.2.10, we find

DHX /Y = lim−→
n

DHn/Y ,

so it suffices to treat the analogous maps

DHn/Y → ρ∗ρ
∗DHn/Y = ρ∗DHn×Y Λ/Λ

µ7→µ(κX |Hn×Y Λ)
−−−−−−−−−−−→ ρ∗OΛ = OΛ/Y .

Restricting to any affinoid perfectoid Y ′/Y where Λ is free of finite rank and W = ker γ is
free, Lemma 6.1.12 implies

κX
∣∣
Y ′ ∈ C la(Zh

p ,OHn/Y (Y
′))W=0 ⊆ C0(Zh

p ,OHn/Y (Y
′)) = OHn×Y Λ/Λ(Y

′
Λ).

Applying a section µ of DHn/Y (Y
′) is accomplished on the coefficients, so we find that

the image of such a µ lies in C la(Zh
p ,O(Y ′))W=0 and thus is γ-locally analytic by Lemma

5.2.7. □

From the functoriality properties of Lemma 6.1.12, it follows that FX is a natural trans-
formation of contravariant functors on character data X .

6.2.4. Recall from §5.1.4 and Lemma 5.2.14 that all of the solid sheaves of OY -modules

Oγ−la
Λ/Y , Dγ−la

Λ/Y , OHX /Y , DHX /Y , are naturally solid Hopf OY -algebras.

Lemma 6.2.5. Let X = (Λ, V, γ) be a locally analytic character datum.

(1) The Fourier transforms FX and FX are morphisms of solid Hopf OY -algebras.
(2) The Fourier transforms FX and FX are mutually dual under the reflexivity of OHX

and Oγ−la
Λ/Y proved in Proposition 5.1.1-(2) and Proposition 5.2.9-(2).

Proof. The first part follows from functoriality in the character datum. For example, con-
sider the diagonal morphism

∆: Λ→ Λ⊕ Λ

which induces a morphism of character data X → X ⊕X = (Λ⊕Λ, V ⊕V, γ⊕γ). The linear
dual of this map ∆∗ : Λ∗ ⊕ Λ∗ → Λ∗ is the addition map, and induces the multiplication
map HX ×HX → HX via the identification HX ×Y HX = HX⊕X . On the other hand, the
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diagonal map induces the diagonal ZΛ,n → ZΛ⊕Λ,n = ZΛ,n × ZΛ,n, which in turn induces

the algebra structure on OZΛ,n/Y (and hence Oγ -la
Λ/Y ). The functoriality of F• with respect

to the diagonal map ∆ now implies that FX is a morphism of OY -algebras. The other
assertions about FX and the comultiplication structures can be proved similarly, and we
leave the details to the reader.

We now establish the second part. Let ρ : Λ→ Y and π : HX → Y denote the structure

maps. We claim that for Y ′/Y , µ ∈ Dγ−la
Λ (Y ′), and δ ∈ DHX (Y

′),

(6.2.1) δ((π∗µ)(κX )) = µ((ρ∗δ)(κX )).

Indeed, as in the proof of Lemma 6.2.3, it suffices to assume Y = Y ′ = Spd(R,R+) is affinoid
perfectoid with V trivial, and to replace HX with one of the Hn’s as in Lemma 5.1.2. Then,
for Ui as in Lemma 5.2.10,

π∗Oγ−la
Λ×Y Hn/Hn

= π∗ lim−→
i

OUi×Y Hn/Hn

= lim−→
i

(
π∗OUi×Y Hn/Hn

)
= lim−→

i

(
OUi×Y Hn/Y

)
= lim−→

i

(
OUi/Y ⊗

■
OY
OHn/Y

)
=

(
lim−→
i

OUi/Y

)
⊗■

OY
OHn/Y

= Oγ−la
Λ/Y ⊗

■
OY
OHn/Y

where the second equality is because π : Hn → Y is quasi-compact, the fourth equality is by
Lemma 3.3.5, and the fifth equality is because colimits and solid tensor products commute.
In this presentation, (6.2.1) can be unwound to the statement that we can concatenate
κX |Λ×Y Hn

, viewed as a section of this sheaf, with µ and δ in either order.
Given (6.2.1), the verification that FX and FX are mutually dual is essentially formal:

for example, we have

(F∗
X δ)(µ) = δ(FX (µ)) = δ(π∗µ(κX )) = µ(ρ∗δ(κX )) = µ(FX (δ)).

□

Lemma 6.2.6. If Y = SpaQp and X = (Zp,OY ,Zp −→ OY ), then FX is an isomorphism.

Proof. For (A,A+) affinoid perfectoid over (Qp,Zp), the natural map

H0
cond(Y,OĜm,η/Y

)⊗■
Qp

A→ H0
cond(Spd(A,A+),OĜm,η/Y

)

is an isomorphism by Proposition 5.1.1-(1). Furthermore, the natural map

H0
cond(Y,Dla

Zp/Y
)⊗■

Qp
A→ H0

cond(Spd(A,A+),Dla
Zp/Y

)

is an isomorphism by Proposition 5.2.9-(1),(3) and Corollary 2.4.12. Thus it suffices to show
that FX induces an isomorphism on condensed global sections.

It follows from Proposition 5.2.9-(3) that

H0
cond(Y,Dla

Zp/Y
) = Hom Qp(H

0
cond(Y,Ola

Zp/Y
),Qp),
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and from Example 6.1.9 that we may identify (FX )(∗) with the bijection FĜm,η
of Corollary

A.2.6. We conclude14 that FX (∗)top is a continuous bijection between two Fréchet spaces
over Qp and thus an isomorphism by the open mapping theorem for Qp-Frechet spaces (see
[42, Proposition 8.6]). It follows from Proposition A.1.4 that FX itself is an isomorphism. □

6.3. The Fourier transforms are isomorphisms. The main theorem of this article is
the following (it is Theorem 2 from the introduction). Let Y be a small v-stack and let
X = (Λ, V, γ) be a locally analytic character datum over Y .

Theorem 6.3.1. The Fourier transforms FX and FX are isomorphisms of solid Hopf OY -
algebras.

By Lemma 6.2.5-(1), it suffices to prove that FX is an isomorphism, and this is the main
goal of the rest of §6.3.

Proposition 6.3.2. Let Y be a small v-stack and let X = (Λ, V, γ) be a locally analytic
character datum over Y . Let W = ker γ.

(1) The natural map OHΛ/Y → OHX /Y identifies the target with the quotient of the
source by the action of W given by precomposing with multiplication by ⟨w, logHΛ

⟩.
(2) The natural map DHX /Y → DHΛ/Y identifies the source with the kernel of the dual

W -action on the target.

Proof of Proposition 6.3.2. The second claim follows from the first since HomOY
(−,OY )

turns colimits into limits. For the first claim, we may assume that Y = Spa(A,A+) such
that V , Λ, and W are all trivial of constant rank. Consider the Cartesian diagram

HX HΛ

V ∗ Λ∗ ⊗Zp G♢
a,Y .

log log

ι

The ideal sheaf J ⊂ OHrig
Λ

cutting out Hrig
X is a pseudo-coherent sheaf in the sense of [35,

Section 2.5] by15 [15, Proposition IV.4.19] and is generated by functionals of the form ⟨w,−⟩
for w ∈ W (Spa(A,A+)) by [15, Proposition IV.4.19]. This shows that the natural map

O(Hrig
Λ )→ O(Hrig

X ) factors through the natural map O(Hrig
Λ )→ O(Hrig

Λ )W and an injection

O(Hrig
Λ )W ↪→ O(Hrig

X ); it now suffices to show that O(Hrig
Λ )→ O(Hrig

X ) is surjective.

The natural map OHrig
Λ
→ OHrig

X
is surjective by [13, Proposition IV.4.19]. The surjectiv-

ity on global sections follows directly from [35, Theorem 2.6.5.(iii)] since HΛ is a quasi-stein
space in the sense of [35, Definition 2.6.2] by Lemma 5.1.2. We give an alternative argument
below for the surjectivity on global sections.

Let k be the rank of W , and choose a filtration W = W0 ⊋ W1 ⊋ · · · ⊋ Wk = 0 with free
graded pieces, using the freeness of W . Set Vi = Λ ⊗Zp

OY /Wi, let γi be the natural map
Λ⊗Zp

OY → Vi and let Xi = (Λ, Vi, γi). There is a filtration

Hrig
X = H0 ⊂ H1 ⊂ · · · ⊂ Hk = Hrig

Λ ,

14They are Fréchet spaces by Proposition A.1.4 together with Corollary 5.1.3 and Proposition 5.2.9-(5).
15Note that Hrig

Λ and Hrig
Λ are smooth sousperfectoid adic spaces over Y , this follows from Lemma 5.1.2

together with [21, Definition 7.1, Lemma 7.5, and Lemma 7.3].
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where Hi = Hrig
Xi

. It remains to show that for all i the map

O(Hi)→ O(Hi−1)

is surjective. Write Ji ⊂ OHi
for the ideal sheaf cutting out Hi−1, which is a line bundle

because Hi−1 has codimension one, see [15, Proposition IV.4.19] and its proof. Write Hi =

∪n∈Z≥0
H

(n)
i as in the proof of Lemma 5.1.2. Evaluating the short exact sequence

0→ Ji → OHi
→ OHi−1

→ 0

on H
(n)
i gives the short exact sequence (again by [15, Proposition IV.4.19])

0→ J (n)
i → O(H(n)

i )→ O(H(n)
i−1)→ 0.

We now consider the commutative diagram

0 0 0

0 lim←−n
J (n)
i

∏
n J

(n)
i

∏
n J

(n)
i 0

0 lim←−n
O(H(n)

i )
∏

nO(H
(n)
i )

∏
nO(H

(n)
i ) 0

0 lim←−n
O(H(n)

i−1)
∏

nO(H
(n)
i−1)

∏
nO(H

(n)
i−1) 0

0 0 0.

Since the transition maps in all three inverse system have dense image by Lemma 5.1.2
and the fact that Ji is a line bundle, the rows are exact by the proof of Proposition 2.4.3.
The middle and right columns are exact by the exactness of countable products, and the
exactness of the left column now follows from the snake lemma. Since taking global sections

of a sheaf on Hi is the same as taking the inverse limit of the sections on H
(n)
i , we see that

O(Hi)→ O(Hi−1)

is surjective, concluding the proof. □

Proof of Theorem 6.3.1. By Lemma 6.2.5, the Fourier transforms are dual morphisms of
solid Hopf OY -algebras, so it suffices to show that FX is an isomorphism of abelian sheaves.
The main idea is to reduce to a statement about the classical Amice transform. More
precisely, the claim is local on Y , so we may assume that Y = Spa(R,R+) is affinoid

perfectoid, Λ ∼= Z⊕h
p is trivial, and W is free. In this setting, consider the locally analytic

character datum X ′ = (Λ,Λ ⊗Zp
OY , idΛ⊗ZpOY

). We of course have a morphism X → X ′,

which induces a morphism HX → HX ′ = HΛ = Ĝ♢,⊕h
m,η,Y . By Proposition 6.3.2 and Lemma

5.2.7, we see that one can obtain FX by passing to the W -invariants of

FX ′
: DHΛ/Y → Ola

Λ/Y .

It therefore suffices to show that FX ′
is an isomorphism. Using the Künneth formulas for

Ola
Λ/Y , see Proposition 5.2.9-(4), and for DHΛ/Y , see Proposition 5.1.1-(8), we deduce that it
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is enough to prove the theorem for Λ = Zp. Since Λ = Zp is base-changed from Spd(Qp,Zp),

we may assume that Y = Spd(Qp,Zp). Using Lemma 6.2.5, we can equivalently show that
the dual map

FX ′ : Dla
Zp/Y

→ OĜm,η/Y

is an isomorphism. and then the result is Lemma 6.2.6. This concludes the proof. □

6.3.3. We now deduce a version of Theorem 1 over a fiercely v-complete affinoid.
Let (R,R+) be a fiercely v-complete Huber pair over (Qp,Zp), and let Y = Spd(R,R+).

Let X = (Λ, V, γ) be a locally analytic character datum over Y such that V is free. In this

case, the solid Hopf OY -algebra structures on OHX /Y , DHX /Y , Oγ−la
Λ/Y , and Dγ−la

Λ/Y induce

solid Hopf R-algebra structures upon taking global sections:

• For H0
cond(Y,OHX /Y ), this follows from Proposition 5.1.1-(2),(7).

• For H0
cond(Y,DHX /Y ), this follows from Proposition 5.1.1-(4),(7),(8).

• For H0
cond(Y,O

γ−la
Λ/Y ), this follows from Proposition 5.2.9-(2),(8).

• For H0
cond(Y,D

γ−la
Λ/Y ), this follows from Proposition 5.2.9-(4),(8),(9).

Moreover, we find the solid Hopf R-algebras H0
cond(Y,OHX /Y ) and H0

cond(Y,DHX /Y ) are
mutually dual Hopf R-algebras by further invoking Proposition 5.1.1-(3), and similarly

H0
cond(Y,O

γ−la
Λ/Y ) and H0

cond(Y,D
γ−la
Λ/Y ) are mutually dual Hopf R-algebras by Proposition

5.2.9-(3).

Corollary 6.3.4. Let (R,R+) be a fiercely v-complete Huber pair over (Qp,Zp), let Y =
Spd(R,R+) and let X = (Λ, V, γ) be a locally analytic character datum over Y . If V is free,
then the Fourier transforms

FX : H0
cond(Y,DHX /Y )→ H0

cond(Y,O
γ−la
Λ/Y )

FX : H0
cond(Y,D

γ−la
Λ/Y )→ H0

cond(Y,OHX /Y )

are dual isomorphisms of solid R-Hopf algebras.

Proof. In light of the above discussion, this is immediate from Theorem 6.3.1 by taking
global sections. □

Specializing Corollary 6.3.4 to (K,OK) for K/Qp a p-adic non-archimedean extension
gives Theorem 1.

Remark 6.3.5. We expect the computations of §6.3.3 and thus also Corollary 6.3.4 to hold
whenever V is an étale (equivalently, analytic) vector bundle.

6.4. Equivariance under invariant derivations. We now establish the equivariance
properties for the Fourier transforms FX and FX for invariant derivations generalizing those
appearing in Proposition 1.1.2.

6.4.1. Recall from §5.2.6 that there is a natural action of V on Oγ−la
Λ/Y by invariant deriva-

tions. It extends to an action of Sym• V (by invariant differential operators; note the Lie

bracket is trivial). We equip Dγ−la
Λ/Y with the dual action of Sym• V . These actions are

evidently functorial in X .
There is a natural map logHX

: HX → V ∗, so OHX /Y is naturally a Sym• V -algebra by
pullback along logHX

of the polynomial functions Sym• V ⊆ OV ∗/Y . We equip DHX /Y with
the dual action of Sym• V . These actions are evidently functorial in X .
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Proposition 6.4.2. The Fourier transforms FX and FX are equivariant for the above ac-
tions of Sym• V .

Proof. By the duality of Lemma 6.2.5, it suffices to treat FX . For v a section of V and µ a

section of Dγ−la
Λ/Y ,

FX (v · µ) = (v · µ)(κX ) = µ(v · κX ) = µ(⟨v, logHX
⟩κX )

where the final equality is deduced from Lemma 6.1.10-(1) and functoriality in X . This is
equal to ⟨v, logHX

⟩µ(κX ) because, by the construction of FX , we are applying µ after pulling

it back to an element of Dγ−la
ΛHX /HX

, so that it is OHX -linear. □

6.4.3. Since LieHX is identified with V ∗, we obtain an action of V ∗ on OHX /Y through
invariant derivations. It extends to an action of Sym• V ∗ (by invariant differential operators;
note the Lie bracket is trivial). We equip DHX /Y with the dual action of Sym• V ∗. These
actions are evidently functorial in X .

There is a natural map γ|Λ : Λ→ V , which induces by pullback an algebra map OV/Y →
OΛ/Y . By definition, it factors through Oγ−la

Λ/Y . In particular, restricting to the polynomial

functions Sym• V ∗ ⊆ OV/Y , we obtain a Sym• V ∗-module structure on Oγ−la
Λ/Y . We equip

Dγ−la
Λ/Y with the dual action of Sym• V ∗. These actions are evidently functorial in X .

Proposition 6.4.4. The Fourier transforms FX and FX are equivariant for the actions of
Sym• V ∗ described above.

Proof. By the duality of Lemma 6.2.5, it suffices to treat FX . For v′ a section of V ∗ and µ

a section of Dγ−la
Λ/Y ,

FX (v′ · µ) = (v′ · µ)(κX ) = µ((γ∗v′)κX ).

On the other hand,
v′ · FX (µ) = v′ · µ(κX ) = µ(v′ · κX )

where the final equality holds because the differentiation is happening in the coefficients
direction. By functoriality, the result then follows from Lemma 6.1.10-(2). □

Specialising Propositions 6.4.2 and 6.4.4 to Y = Spd(K,OK) completes the proof of
Proposition 1.1.2 in the introduction.

6.5. Classical interpretation over a field. Let K be a non-archimedean field with
completed algebraic closure C. We will now explain how to interpret Corollary 6.3.4 for
Y = Spa(K,OK) in terms of locally convex topological vector spaces over K.

6.5.1. Let X = (Λ, V, γ) be a locally analytic character datum and suppose that V is trivial
(equivalently, an étale vector bundle). Then concretely, we can think of Λ as a continuous
representation of Gal(K/K) on a finite free Zp-module Λ, of V as a finite dimensional K-

vector space, and of γ : ΛC ↠ VC as a Gal(K/K)-equivariant surjection. Let Oγ−la(Λ) be
the locally convex vector space of locally analytic functions from Λ to C that are Gal(K/K)-
equivariant and γ-locally analytic, i.e., locally on Λ, factor as the composition of γ with an
analytic function on an open ball in VC . We let Dγ−la(Λ) be its dual equipped with the
strong topology, see Section A.1.8.

Let HX be the p-divisible v-group over Spd(K,OK) associated with X . Since V is an
étale vector bundle, this is the diamond associated to a p-divisible rigid analytic group over
Spa(K,OK) by Proposition 4.1.10, which we will denote by Hrig

X . Let us write O(Hrig
X ) for

the locally convex K-Fréchet space of global sections.
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Lemma 6.5.2. There are natural isomorphisms

H0
cond(Y,OHX /Y )

∼−→ O(Hrig
X )

H0
cond(Y,D

γ−la
Λ/Y )

∼−→ Dγ−la(Λ).

Proof. For the second isomorphism, we first recall from §6.3.3 that

H0
cond(Y,D

γ−la
Λ/Y ) = HomK(H0

cond(Y,O
γ−la
Λ/Y ),K).

We now continue in the notation of Lemma 5.2.11

HomK(H0
cond(Y,O

γ−la
Λ/Y ),K) = HomK(H0

cond(Y, lim−→
n

Obdd
U◦

n/Y
),K)

= HomK(lim−→
n

H0
cond(Y,Obdd

U◦
n/Y

),K)

= lim←−
n

HomK(H0
cond(Y,Obdd

U◦
n/Y

),K)

= lim←−
n

HomK(Obdd(U◦
n),K),

where the last equality is Lemma 3.3.9. We can similarly write (lcv stands for locally convex)

Dγ−la(Λ) =
(
Oγ−la(Λ)

)′
b

=

(
lcv

lim−→
n

Obdd(U◦
n)

)′

b

= lim←−
n

(
Obdd(U◦

n)
)′
b
.

It is a consequence of Lemma A.1.9 that(
Obdd(U◦

n)
)′
b
≃HomK(Obdd(U◦

n),K).

This, together with the commutation of W 7→ W with limits, concludes the proof of the
second isomorphism.

For the first isomorphism, we write (in the notation of Lemma 5.1.2)

H0
cond(Y,OHX /Y ) = lim←−

n

H0
cond(Y,OHn/Y ) = lim←−

n

O(Hn),

using Lemma 3.1.6. We similarly have

O(Hrig
X ) = lim←−

n

O(Hn),

and we conclude as before. □

6.5.3. We have the following corollary of Theorem 1.

Corollary 6.5.4. There is an isomorphism of locally convex K-vector spaces

Dγ−la(Λ)
∼−→ O(Hrig

X )

functorial in (Λ, V, γ).

Proof. Lemma 6.5.2 and Theorem 1 give an isomorphism

Dγ−la(Λ)
∼−→ O(Hrig

X )

and then we conclude by Proposition A.1.4. □
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Remark 6.5.5. It is possible to upgrade Corollary 6.5.4 to include Hopf algebra structures
(with respect to the completed projective tensor product of locally convex K-vector spaces).
Indeed, since V 7→ V commutes with products, we see that there are natural commutative
algebra structures on the two locally convex K-vector spaces in the statement of Corollary
6.5.4. Moreover, the solid Hopf K-algebra structures on the corresponding condensed K-
vector spaces, see Lemma 6.5.2, induce locally convex Hopf K-algebra structures on the two
locally convex K-vector spaces in the statement of Corollary 6.5.4. Indeed, this follows from
[7, Proposition A.68].

6.6. Comparison with Schneider–Teitelbaum. Let us explain how Corollary 6.5.4 com-
pares with the work of Schneider–Teitelbaum [41]. Suppose that we have embeddings
Qp ⊂ L ⊂ K ⊂ Cp, where K is complete and L/Qp is finite, and take Y = Spa(K,OK).
Let ι0 : L ↪→ Cp denote this fixed embedding. We will consider the locally analytic char-
acter datum X = (Λ, V, γ) where Λ = OL has the trivial Galois action, V = K, and, for
ι0 : L ↪→ Cp the given embedding, γ is the map

γ = ι0|OL
⊗ idCp

: OL ⊗Zp
Cp → Cp = K ⊗K Cp.

In particular, Hrig
X is a 1-dimensional p-divisible rigid analytic group.

6.6.1. We recall the notation of [41, Section 1]. Let G = OL considered as an L-analytic
manifold, and G0 = OL considered as a Qp-analytic manifold. Schneider and Teitelbaum
consider a quotient map

D(G0,K)→ D(G,K)

of K-Fréchet spaces, where D(−,K) denotes the strong dual to the locally convex K-vector
space of locally analytic K-valued functions on −.

Lemma 6.6.2. There is a commutative diagram of topological K-modules

D(G0,K) D(G,K)

Dla(Λ) Dγ−la(Λ)

where the vertical maps are isomorphisms.

Proof. The left vertical arrow is an isomorphism by definition. To show that this induces
an isomorphism on the right vertical arrows, we need to check that our γ-locally analytic
condition agrees with the “L-linearity” condition of Schneider–Teitelbaum. Using Propo-
sition 6.3.2, this follows from the observation that W = ker γ is generated by elements of
the form λ ⊗ x − 1 ⊗ ι0(λ)x for λ ∈ Λ = OK and x ∈ Cp; this matches the “L-linearity”
condition in [41, Lemma 1.1]. □

6.6.3. Let Ĝ0 be the smooth rigid analytic group overK whose Cp-points are the continuous

characters χ : OL → O×
Cp
, and write Ĝ ⊂ Ĝ0 for the closed subgroup whose Cp points are

the L-analytic characters χ, see [41, Corollary 1.5].
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Lemma 6.6.4. There is a commutative diagram

Ĝ Ĝ0

Hrig
X Hom (Λ, Ĝm,η),

where the vertical arrows are isomorphisms.

Proof. The existence of the right vertical isomorphism is straightforward. That it identifies

Ĝ and Hrig
X can be checked on Lie algebras, where it follows from [41, Corollary 1.5]. □

6.6.5. Schneider and Teitelbaum prove, see [41, Theorem 2.2, Theorem 2.3], that there is a
commutative diagram of locally convex K-vector spaces (they write F for what we call F0)

(6.6.1)

D(G0,K) D(G,K)

O(Ĝ0) O(Ĝ),

F0 F

where the vertical maps are isomorphisms and where the left vertical map is the (multidi-
mensional) Amice transform.

Proposition 6.6.6. Under the isomorphisms of Lemma 6.6.4 and Lemma 6.6.2, the iso-
morphism F agrees with the map FX of Corollary 6.5.4.

Proof. By Example 6.1.9, this is true for F0 because our Fourier transform agrees with the

Amice transform for H = Ĝm,η and thus with the multidimensional Amice transform for

(Ĝm,η)
h. The result follows for F , because of the functoriality of our Fourier transform, the

commutativity of (6.6.1) and the surjectivity of D(G0,K)→ D(G,K). □

7. Integral Fourier theory

Let R be a p-adically complete and separated ring. In this section, we are going to prove
an integral analog of Theorem 1 for p-divisible groups over R. In nice situations, we will
also compare our integral theory with the rational theory on the generic fiber.

7.0.1. We give the statement of our main result in this context. Recall that given a p-
divisible group H over Spf R, there is a Serre-dual p-divisible group H∨ and a Hodge–Tate
map TpH∨ → ωH, see for example Section 7.1.5 below. For H a p-divisible group over Spf R,
we show that O(H) and O(TpH∨), along with their continuous R-linear duals (equipped
with the weak topology), are commutative topological Hopf R-algebras16, and there is a
universal character17

κ ∈ O(TpH∨) ⊗̂R O(H).
Building up from Cartier duality for the finite flat group schemes H[pn]R/pk , we prove

Theorem 7.0.2. Integration against the universal character κ defines functorial and nat-
urally dual isomorphisms of complete linearly topologized Hopf R-algebras

FH : O(H)∗ ∼−→ O(TpH∨) and FH : O(TpH∨)∗
∼−→ O(H).

16By which we mean a co-commutative co-group object in the category of complete linearly topologized
R-algebras with the completed tensor product of linearly topologized R-modules as in [48, Tag 0AMU].

17See Section 7.1.3 for our conventions about evaluating O on ind-schemes.
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We equip O(H) with the action of Sym• LieH induced by the action of LieH by differ-
entiation along invariant vector fields, and on O(H)∗ we take the dual action. We equip
O(TpH∨), with the action of Sym• LieH = O(ωH) through multiplication by functions
pulled back along the Hodge–Tate map, and on O(TpH∨)∗ we take the dual action. With
these actions, we obtain an analogue of Proposition 1.1.2.

Proposition 7.0.3. The Fourier transforms of Theorem 7.0.2 are equivariant for the ac-
tions of Sym• LieH described above.

Remark 7.0.4. If H is represented by a formal group, then the natural map

Sym• LieH → O(TpH∨)

induced by pulling back along the Hodge–Tate map extends to an isomorphism Dif(H) ∼−→
O(TpH∨), where Dif(H) is the p-adic completion of the ring of invariant differential operators
on H. This is due to Cartier, see [50, Theorem 1.56].

Example 7.0.5. For H = Ĝm = lim−→n
µpn , we have H∨ = Qp/Zp = lim−→

1
pnZ/Z and TpH∨ =

Zp = Spf C0(Zp, R). The functions on H× TpH∨ are naturally identified with

C0(Zp, R)⊗̂RR[[t]] = C0(Zp, R)[[t]]

and the universal character κ is the element

z 7→ (1 + t)z =
∑
k≥0

(
z

k

)
tk where

(
z

k

)
:=

z(z − 1) . . . (z − k + 1)

k!
.

For µ ∈ C0(Zp, R)∗ ∼= homZp(C
0(Zp,Zp), R), i.e., an R-valued measure on Zp, the Fourier

transform FH sends µ to

(7.0.1) µ(z 7→ (1 + t)z) =
∑
k≥0

µ

((
z

k

))
tk ∈ R[[t]].

That this is an isomorphism is equivalent to the claim that the binomial coefficients
((

z
k

))
k≥0

are a Hilbert basis for C0(Zp,Zp), as first established in [38]. Under this isomorphism,
multiplication by the coordinate function z on Zp (i.e., the algebra map Zp ↪→ R) is matched
with precomposition with the invariant derivation (1 + t)∂t, as one readily verifies in the
formula by applying the chain rule to compute

(1 + t)∂t ((1 + t)z) = (1 + t)(z(1 + t)z−1) = z(1 + t)z.

Example 7.0.6. In Example 7.0.5, C0(Zp, R) has the p-adic topology so the linear dual is
equal to the continuous dual. When one writes down the dual Fourier transform FH in
the same setting, it is important to keep track of the correct topology already mod p when
computing the dual. Indeed, R[[t]] is equipped with the (p, t)-adic topology, so that the
elements of R[[t]]∗ are the R-linear functionals µ satisfying µ(tk) → 0 as k → ∞; this is
necessary to have that

∑
k≥0

(
z
k

)
µ(tk) converges in C0(Zp, R) so the Fourier transform is

well-defined.

Remark 7.0.7. As in Remark 1.1.7, it is natural to look for a more general category of
commutative group functors on nilpotent R-algebras that is preserved under Cartier duality
and contains both p-divisible groups and their duals, and to extend Theorem 7.0.2 to this
setting. Any reasonable such category should also be closed under extensions; for example,
just as the category of locally compact abelian groups contains the extension R of the
compact group R/Z = S1 by the discrete group Z, this category should also contain the
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universal cover H̃ = lim←−[p]
H of any p-divisible group H, which is an extension of H by TpH.

In the integral case, one can deduce Fourier isomorphisms for universal covers from the
Fourier isomorphisms for p-divisible groups; this will be explained in [20]. From this more
general perspective, the compatibility for the action of Sym• LieH is closely related to the
functoriality of Cartier duality for the inclusion into H of the divided powers neighborhood
of the identity (which is naturally identified with the divided powers neighborhood of the
identity in LieH).

Theorem 7.0.2 and Proposition 7.0.3 are proved in §7.1. In §7.2 we establish, for (R,R+)
a fiercely v-complete Huber pair, a compatibility between the integral Fourier theory over
R+ and the rigid analytic Fourier theory on the generic fiber (Theorem 7.2.6).

Example 7.0.8. Suppose R = OK , for K/Qp a non-archimedean extension. By a result of
Amice [1], after inverting p, the formula (7.0.1) for the integral Fourier transform FH of
Example 7.0.5 restricts to a bijection between the continuous dual of the space of locally
analytic K-valued functions on Zp and the subring of K[[t]] consisting of power series con-

verging for |t| < 1, i.e., the space of global functions on the rigid analytic generic fiber Ĝm,η.
This compatibility between the integral and rigid analytic Fourier transforms is a special
case of the general compatibility in Theorem 7.2.6. The general case is more subtle because,
for a general p-divisible group, we do not know whether the integral functions on the Tate
module and the Hodge–Tate locally analytic functions on its generic fiber live naturally
inside a common space (see Remark 7.2.4).

7.1. Proofs for integral Fourier theory.

7.1.1. We first explain how Cartier duality can be interpreted as Fourier theory for finite
flat group schemes. Theorem 7.0.2 will be proved by bootstrapping from this case.

Let R be any commutative ring and let H be a finite locally free commutative group
scheme over SpecR. For Hom the sheaf hom of groups on the fpqc site of R, let

HD = Hom (H,Gm)

be the Cartier dual of H, which is itself representable by a finite locally free commutative
group scheme, see, e.g, [49, §1.2]. There is a canonical pairing

κ : H×HD → Gm

and its composition with Gm → A1 gives us an element

κ ∈ O(H×HD) ≃ O(H)⊗R O(HD).

Contracting with this element defines R-linear maps (where the superscript ∗-denotes R-
linear dual)

FH : O(H)∗ → O(HD)

FH : O(HD)∗ → O(H).

We equip O(H)∗ and O(HD)∗ with the dual Hopf R-algebra structures.

Lemma 7.1.2. The maps FH and FH are dual isomorphisms of Hopf R-algebras.

Proof. See [11, II.1.2.10]. □
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7.1.3. Let X = lim−→n
Xn be an ind-scheme written as a (countable) direct limit of qcqs

schemes with transition maps being closed immersions (for example an affine formal scheme).
We set O(X) = lim←−n

O(Xn) with its inverse limit topology; this is a linearly topologized

ring in the sense of [48, Tag 07E8]. Note that the topological ring O(X) does not depend on
the choice of presentation: If X = lim−→m

Ym is another presentation, then the natural map

Ym → X factors through Xn for some n≫ 0 since Ym is qcqs.

Warning: In the rest of this section we will consider all objects as ind-schemes, including
p-divisible groups like Qp/Zp which happen to be (non quasi-compact) schemes. In this
example our definition gives O(Qp/Zp) =

∏
Qp/Zp

R with the product topology.

Lemma 7.1.4. Let R be a commutative ring and let X = lim−→n
Xn and Y = lim−→m

Ym be

ind-R-schemes. Then there is a natural isomorphism

O(X)⊗̂RO(Y )→ O(X ×SpecR Y ),

where the completed tensor product is defined as in [48, Tag 0AMU].

Proof. It follows from the definition that

O(X ×SpecR Y ) = lim←−
n,m

O(Xn ×SpecR Ym) = lim←−
n,m

O(Xn)⊗R O(Ym),

which equals O(X)⊗̂RO(Y ) per definition. □

7.1.5. Let R be a commutative ring and let H be a p-divisible group over SpecR (in
the sense of [49]). Let H∨ be the Serre-dual of H, which is defined as the p-divisible
group with H∨[pn] = H[pn]D, where the inclusions H[pn]D → H[pn+1]D are induced by the
multiplication by [p] map H[pn+1]→ H[pn]. Since

H = lim−→
n

H[pn],

it follows that

Hom (H,Gm) = lim←−
n

H∨[pn] = TpH∨.

The map TpH∨ = Hom (H,Gm)→ ωH sending f 7→ f∗ dt
1+t is called the Hodge–Tate map.

7.1.6. Recall that O(H) = lim←−n
O(H[pn]) equipped with the inverse limit topology. By

Lemma 7.1.4, the commutative group structure on H over R induces on O(H) the structure
of a topological Hopf algebra over R.

7.1.7. WriteO(H)∗ for the continuousR-linear dual ofO(H), so thatO(H)∗ = lim−→n
O(H[pn])∗,

and equip O(H)∗ with the weak (equivalently, discrete) topology. Here we are using the fact
that a continuous R-linear morphism from an inverse limit to a discrete R-module factors
through one of the terms in the inverse limit. Then the natural map

O(H)∗ ⊗R O(H)∗ → (O(H)⊗̂RO(H))∗

is an isomorphism, showing that O(H)∗ is naturally an Hopf R-algebra. We also have a
canonical identification

(O(H)∗)∗ = lim←−
n

(O(H[pn])∗)∗ = lim←−
n

O(H[pn]) = O(H).
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Using the group structure on TpH, we find O(TpH) = lim−→n
O(H[pn]) is naturally an

Hopf R-algebra. We equip O(TpH)∗ = lim←−n
O(H[pn])∗ with the inverse limit topology

(equivalently, the weak topology). The natural map

O(TpH)∗⊗̂RO(TpH)∗ → (O(TpH)⊗R O(TpH))∗

is an isomorphism, showing that O(TpH)∗ is a topological Hopf algebra over R. We also
have a canonical identification

(O(TpH)∗)∗ = ((lim−→
n

O(H[pn]))∗)∗ = (lim←−
n

O(H[pn])∗)∗

= lim−→
n

(O(H[pn])∗)∗ = lim−→
n

O(H[pn]) = O(TpH).

7.1.8. There is a canonical pairing

κ : H× TpH∨ → Gm

giving us an element (see Lemma 7.1.4)

κ ∈ O(H)⊗̂RO(TpH∨).

This element induces continuous R-linear maps

FH : O(H)∗ → O(TpH∨)

FH : O(TpH∨)∗ → O(H).

Proposition 7.1.9. The morphisms FH and FH are dual isomorphisms of topological Hopf
R-algebras.

Proof. The map FH is a direct limit over n of the maps FH[pn] from Lemma 7.1.2, and

similarly FH is an inverse limit over n of the maps FH[pn] from Lemma 7.1.2. The result
thus follows directly from Lemma 7.1.2. □

Remark 7.1.10. Note that the topologies on O(H)∗ and O(TpH∨) are discrete, so that FH
is an isomorphism between discrete Hopf R-algebras.

7.1.11. Let R be a p-adically complete and separated ring, and H a p-divisible group over
Spf R. Then H is an ind-scheme with presentation H = lim−→n,k

H[pn]R/pk and thus

O(H) = lim←−
k

lim←−
n

O(H[pn]R/pk)

with the inverse limit topology. Equivalently, this is

O(H) = lim←−
k

O(HR/pk)

with the inverse limit of the topologies considered above, or, swapping the order, the inverse
limit of the p-adic topologies on O(H[pn]) in

O(H) = lim←−
n

O(H[pn]).

It similarly follows that

O(TpH∨) = lim←−
k

O(TpH∨
R/pk)

acquires the inverse limit topology (i.e., the p-adic topology, since the terms in the limit have
the discrete topology). Once again we find that O(H), O(H)∗, O(TpH∨) and, O(TpH∨)∗
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are topological Hopf R-algebras, where a superscript ∗ denotes the continuous R-linear dual
equipped with the weak topology. There is a pairing

κ : H× TpH∨ → Gm,Spf R

giving us an element (see Lemma 7.1.4)

κ ∈ O(H× TpH∨) = O(H)⊗̂RO(TpH∨).

This element induces continuous R-linear maps

FH : O(H)∗ → O(TpH∨)

FH : O(TpH∨)∗ → O(H).

The following proposition is Theorem 7.0.2.

Proposition 7.1.12. The morphisms FH and FH are isomorphisms of complete linearly
topologized Hopf R-algebras.

Proof. We apply Proposition 7.1.9 mod pk for all k ≥ 1. □

Finally, we prove the equivariance for the actions of Sym• LieH.

Proof of Proposition 7.0.3. The dual Hodge-Tate map can be constructed relatively by view-
ing κ as a character of H based changed to TpH∨ (noting that TpH∨ is itself an affine p-adic
formal scheme),

HTpH∨
κ−→ Ĝm,TpH∨ ,

and then pulling back dt
1+t to an element of ω(H∨×Spf RTpH∨)/TpH∨ .

In particular, for ∂ ∈ LieH an invariant derivation, if we view κ as a function by the

natural inclusion Ĝm ⊆ A1 we have (cf. the proof of Lemma 6.1.10)

∂κ = ⟨∂, κ∗ dt

1 + t
⟩κ = HT∗(∂)κ.

The result then follows as in the proof of Proposition 6.4.4. □

7.2. Comparison with Fourier theory on the generic fiber.

7.2.1. Let (R,R+)/(Qp,Zp) be fiercely v-complete and let H be a p-divisible group over
Spf R+ with rigid generic fiber Hη over Y = Spa(R,R+). We write HT : TpH∨

η ⊗Zp OYv →
ωH⊗R+ OYv

for the rational Hodge–Tate map, and we view TpH∨
η as a v-sheaf. To simplify

our notation, below we will write OHT−la(TpH∨
η ) := OHT−la

TpH∨
η /Y (Y ), where Y = Spd(R,R+).

As in (5.2.1), we have a natural R-linear restriction map

rla : OHT−la(TpH∨
η ) ↪→ O(TpH∨

η )

that is injective by Lemma 5.2.8. We also have natural R-linear restriction maps

rH : O(H)[ 1p ]→ O(Hη) and rint : O(TpH∨)[ 1p ]→ O(TpH∨
η ).

Remark 7.2.2. If H is an extension of an étale p-divisible group by a formal group, then
H is representable by a formal scheme by [46, Lemma 3.1.1] and rH is injective (as can be

verified using the local presentation of Ĥ in [46, Lemma 3.1.2]). We expect this injectivity
to hold in general.
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Example 7.2.3. If R = OK for K/Qp a non-archimedean extension, then

O(TpH∨
η ) = C0(TpH∨(K),K

∧
)Gal(K/K),

where K
∧
denotes a completed algebraic closure of K.

Remark 7.2.4. The map rint is an isomorphism if H = µp∞ so that TpH∨ = Zp. However,
in all other cases we expect the behavior of the map rint to be quite subtle. For example, if
H = Qp/Zp so that TpH∨ = Zp(1) and R = OE∧ for E an algebraic extension of Qp, then
the results of [16] imply that:

• If E is deeply ramified (equivalently, E∧ is perfectoid), then rint is surjective but
not injective (its kernel even contains a dense set of nilpotents!).

• If E is not deeply ramified (equivalently, E∧ is not perfectoid) then rint is injective
with dense image but not surjective.

We note that the surjectivity in the deeply ramified case is a special case of [6, Theorem
7.4]. In fact, it is the specific case invalidating [43, Remark II.2.4].

Katz [31, top of p.60] (see also [4] and [3]) has also noted that (rint)∗ is injective whenever
R = OE∧ for E a discretely valued algebraic extension of Qp and H a one-dimensional p-
divisible formal group over R. When furthermore E/Qp is unramified and H is of height 1
or 2, he has given an explicit description of the image of FH[ 1p ] ◦ (r

int)∗ in [31, Theorem on

p.60].
It would be interesting to have a more systematic general understanding of these results!

7.2.5. We continue with the notation from Section 7.2.1. Below we will also write

D(Hη) := DHη/Y (Y ) and DHT−la(TpH∨
η ) := DHT−la

TpH∨
η /Y (Y ).

We note that, when LieH is free, the discussion of §6.3.3 implies that

D(Hη) = O(Hη)
∗
and DHT−la(TpH∨) = OHT−la(TpH∨

η )
∗
,

where the superscript ∗ denotes the condensed R-linear dual. Following Remark 6.3.5, we
expect this equality to hold always. To state our compatibility without establishing this
expectation or imposing the condition that LieH be free, we observe that r∗H and r∗int can
be glued, by working Zariski locally on Spf R+ where LieH is free, in order to obtain maps

r∗H : D(Hη)→ O(H)∗[ 1p ] and r∗int : DHT−la(TpH∨
η )→ O(TpH∨)∗[ 1p ]

where here the superscript ∗ is the continuous R+-linear dual.
By Proposition 4.3.4, we have Hη = HL for

L = (TpHη,LieH⊗R+ OYv ,LieH⊗R+ OYv ↪→ TpHη(−1)⊗Zp OYv ).

In particular, taking L∨ to be the locally analytic character datum associated to L in §4.3.5
the Fourier transforms of FL∨

and FL∨ of §6.2 induce the following maps on global sections:

FHη :D(Hη)→ OHT−la(TpH∨
η )

FHη
:DHT−la(TpH∨

η )→ O(Hη).

Theorem 7.2.6. Suppose (R,R+)/(Qp,Zp) is fiercely v-complete. If H is a p-divisible
group over Spf R+ with rigid analytic generic fiber Hη over Spa(R,R+), then the following
diagrams commute
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O(H)∗[ 1p ] O(TpH∨)[ 1p ] O(H)[ 1p ] O(TpH∨)∗[ 1p ]

O(TpH∨
η ) O(TpH∨

η )
∗

D(Hη) OHT−la(TpH∨
η ) O(Hη) DHT−la(TpH∨

η ).

FH[
1
p ]

rint

rH

FH[
1
p ]

(rint)∗

(rla)∗

r∗H

FHη

rla

FHη

Proof. The diagram is functorial for change of base. Since the generic fiber terms are v-
sheaves, it suffices to observe that, when (R,R+) is perfectoid and TpH∨

η
∼= Zp

⊕h is trivial,

κ ∈ O(TpH∨ ×H)

maps to the universal character of Lemma 6.1.12 inside

O(TpH∨
η ×Hη) = C0(Zh

p ,O(Hη)).

But this is clear from the construction. □

As a consequence we obtain a partial section of rint (which is very interesting as Remark
7.2.4 shows that rint need not be surjective nor injective!):

Corollary 7.2.7. There is a canonical section OHT−la(TpH∨
η )→ O(TpH∨)[ 1p ] of r

int.

Proof. Since FHη is an isomorphism by Theorem 6.3.1, we obtain the section as FH[ 1p ]◦r
∗
H ◦

(FHη )−1. □

Example 7.2.8. When H = Qp/Zp, so TpH∨ = Zp(1), the Hodge–Tate map is identically
zero (its target is ωQp/Zp

= 0). In particular, when R = OCp , the space OHT−la(TpH∨
η ) is

given by the locally constant Cp-valued functions on Zp(1). Each locally constant function
has a canonical expression as a finite linear combination of characters, and this provides the
canonical section to O(Zp(1))[

1
p ]. In other situations, there are many more locally analytic

functions, expressible locally as power series using the Hodge–Tate map, and the existence
of the canonical section expresses a non-trivial convergence condition on these series. When
H is, e.g., a Lubin–Tate formal group, the canonical section should be closely related to the
description of locally analytic functions in the associated Lubin–Tate extension given in [5].

8. The global Eisenstein measure

8.1. Background. For Λ ⊆ C a lattice and k ≥ 3 an integer, consider the series

Ak(Λ) =
∑

λ∈Λ\{0}

1

λk
.

Certain values of Ak can be related to special values of L-functions. For example, if Λ = Z[i],
these are the Bernoulli–Hurwitz numbers – in terms of L-functions, if we write χ for the
Grossencharacter sending an ideal I of Z[i] to z, for z the unique generator of I such that
z ≡ 1 mod (1 + i)3, then

Ak(Z[i]) =

{
4L(χ−k, 0) if k ≡ 0 mod 4

0 otherwise.



p-ADIC FOURIER THEORY IN FAMILIES 71

On the other hand, the function Ak defines a modular form, the level one Eisenstein series
of weight k (which is identically zero if k is odd) — viewed as a function on the upper
half-plane, it is given by τ 7→ Ak(Z+ Zτ).

8.1.1. In [29, 30], Katz explained how to construct, for primes p ≡ 1 mod 4, a p-adic L-
function interpolating the values L(χ−k, 0) into a measure on Zp by first interpolating the
renormalized Eisenstein series

Gk :=
(−1)k(k − 1)!

2
Ak

into a measure on Zp valued in p-adic modular forms. One can then specialize at the
lemniscate elliptic curve E0 defined by the equation y2 = 4x3 − 4x, whose complex points
are isomorphic to C/Z[i], in order to obtain a measure whose values on the monomials
z 7→ zk, k ≥ 3, are renormalized Bernoulli–Hurwitz numbers. The p-adic L-function is
obtained by restricting this measure to Z×

p , which modifies an Euler factor at p and allows

to evaluate at any character κ of Z×
p – in particular, since these characters satisfy many

p-adic congruences, so do the renormalized Bernoulli–Hurwitz numbers.
The basis of this approach is an observation of Deligne that, in order to analyze con-

gruences between the Eisenstein series, one can use the geometry of the modular curve to
reduce to interpolating the positive Fourier coefficients of the renormalized Eisenstein series.
These Fourier coefficients are expressed in terms of divisor power sums, whose congruences
can be analyzed trivially using Fermat’s little theorem. The Kubota–Leopoldt p-adic zeta
function is also obtained in this way by evaluating at a cusp instead of a CM point.

8.1.2. This interpolation of Eisenstein series explained above occurs over the ordinary lo-
cus, thus yields a p-adic L-function interpolating Bernoulli–Hurwitz numbers only for primes
p ≡ 1 mod 4 (i.e., splitting in Z[i] so that E0 has ordinary reduction). In [31,32], Katz ex-
plained a different construction of the p-adic L-function interpolating the Bernoulli–Hurwitz
numbers that is valid also at the inert primes p ≡ 3 mod 4 where E0 has supersingular re-
duction. This construction exploits Cartier duality and the appearance of the Eisenstein
series as coefficients of the Weierstrass ℘-function. In our language, the key observation is
that, after a small modification to remove the pole at the origin, ℘ restricts to a regular
function on the p-divisible group E0[p

∞] and thus by Cartier duality yields a measure on
TpE

∨
0 . Katz shows moreover that, in this specific case, (rint)∗ is injective and the measure

is in its image (cf. Remark 7.2.4), i.e., the measure comes from an element of

O(Tp(E
∨
0,η))

∗ =
(
C0(TpE

∨
0 (Cp),Cp)

Gal(Qp/Qp)
)∗

.

In the language of [31], one thus obtains a Galois-equivariant measure; its restriction to
TpE

∨
0 (Cp) \ pTpE

∨
0 (Cp) ∼= Z×

p2 (with the Lubin–Tate Galois action) is then a natural p-adic

L-function interpolating the Bernoulli–Hurwitz numbers.
In fact, rather than viewing O(E0[p

∞]) as O(TpE
∨
0 )

∗, in [31] Katz exploits that E0[p
∞] is

connected to view the dual of O(E0[p
∞]) as the ring of invariant differential operators, see

Remark 7.0.4; he then argues from this perspective to obtain an element of O(Tp(E
∨
0,η))

∗.
The interpretation via invariant differential operators applies only to formal groups, so
cannot be used over the entire modular curve. However, by instead using our Fourier
transform to identify O(E0[p

∞]) = O(TpE
∨
0 )

∗, we can extend this approach to obtain a
global Eisenstein measure. This construction and its consequences are explained in §8.2.
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8.1.3. As observed already by Schneider and Teitelbaum [41], the exotic interpretation
of Katz’s Bernoulli–Hurwitz p-adic L-function when p ≡ 3 mod 4 as a Galois equivariant
measure becomes much cleaner if one passes to the generic fiber: the p-adic L-function
becomes a Qp2-analytic distribution on Z×

p2 . In our global setting, we may also pass to

the generic fiber to obtain a Hodge–Tate analytic distribution on the Tate module of the
dual of the universal elliptic curve. This distribution specializes at the lemniscate curve to
recover the construction of Schneider–Teitelbaum, but also has other applications. Using
this distribution we recover the usual overconvergence of Katz’s Eisenstein family of p-adic
modular forms (Example 8.3.1) and construct new overconvergent versions of the Schneider–
Teitelbaum p-adic L-functions that exist on open loci in the supersingular locus (Example
8.3.2). These results are explained in §8.3.

8.2. The global Eisenstein measure. To state our result, we first introduce some ter-
minology. Let N ≥ 3 coprime to p. Let Y be the modular curve over Spf Zp of full level
N . Let E be the universal elliptic curve over Y and let ω = ωE be the sheaf of invariant
differentials relative to Y . We denote by Yord ⊂ Y the open locus where E is ordinary.

We write IgKatz → Yord for the Katz–Igusa formal scheme parameterizing trivializations

φ : Ê ∼−→ Ĝm, or equivalently (TpE∨)ét
∼−→ Zp, which is a profinite étale Z×

p -torsor over Yord.

There is a canonical section ωcan = φ∗ dt
1+t of ω over IgKatz, and V = O(IgKatz) is the ring

of Katz–Serre p-adic modular forms of prime-to-p level N . Let HT: TpE∨ → ω denote the
Hodge–Tate map and, for an integer m ∈ Z, we let HTm : TpE∨ → ω⊗m be the m-th fold
tensor product of HT. We can view HTm ∈ O(TpE∨)⊗H0(Y,O) H

0(Y, ωm).

Theorem 8.2.1. Let p > 3 be an integer prime. For any integer n > 1 coprime to p, there
is an element

Eis(n) ∈ H0(Y, ω2)⊗H0(Y,O) O(TpE∨)∗,

i.e., a weight 2 modular form Eis(n) over Spf Zp valued in measures on TpE∨, such that: For
k ≥ 3, we have ∫

HTk−2dEis(n) = 2(1− nk)Gk

and
∫
1dEis(n) = 0 (here we are considering Gk as an element of H0(Y, ωk) in the usual

way).

Proof. Consider the weight 2 modular form which sends a non-vanishing differential η to
the meromorphic function x in the unique Weierstrass equation y2 = 4x3 − g2x − g3 with
η = dx

y , see [33, Section 2.2]. The function x(n) := x − n2[n]∗x, where [n] : E → E is the

multiplication by n map, has poles at the non-trivial n-torsion points (one can see that the
poles at the identity of E cancel, e.g., from the transcendental computation given below).

In particular, x(n)|E[p∞] ∈ O(E [p∞]), and we obtain the weight 2 modular form Eis(n) as

(FE[p∞])−1(x(n)|E[p∞]), for FE[p∞] the integral Fourier transform as in Theorem 7.0.2.
We explain the computation for Theorem 8.2.1. First, unwinding the definitions, one finds

that
∫
HTjdEis(n) is the weight j + 2 modular form that sends a non-vanishing differential

η with dual ∂ to ∂jx(n)|x=1, where x(n) is as above. This is a section of ωj+2 defined
over Z[1/6N ], and thus we can verify the claimed identity over C. Then, taking x(n)

corresponding to (C/Λ, dz) and using the expansion (see [47, Theorem 3.5])

x(z) = ℘Λ(z) =
1

z2
+
∑
k≥3

(k − 1)Ak(Λ)z
k−2,
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we find

x(n)(z) = ℘Λ(z)− n2℘Λ(nz) =
∑
k≥3

(1− nk)(k − 1)Ak(Λ)z
k−2.

In particular, the constant term is zero, and for k ≥ 3, differentiating k − 2 times with
respect to z we obtain the constant term (1− nk)(k− 1)!Ak = 2(1− nk)Gk, as desired. □

8.2.2. Given a map Spf R → Y, which corresponds to an elliptic curve E → Spf R (with

full level N structure), and a non-vanishing differential η ∈ ωE , we let Eis(n)(E, η) denote
the element of O(TpE∨)∗ given by pullback along Spf R → Y and using the trivialization

ωE
∼= R given by η. Let µ(n) : C0(Zp,Zp)→ VGL2(Z/NZ) be the Eisenstein measure of [29].

Theorem 8.2.3. Let π : TpE∨|IgKatz
→ Zp be the natural map induced by φ. Then for

f ∈ C0(Zp,Zp) and z the identity function Zp → Zp, we have∫
Zp

f d
(
π∗Eis

(n)(E|IgKatz
, ωcan)

)
=

∫
Zp

z · (f(z)− f(0)) dµ(n).

Proof. Since V is p-torsion free, it suffices to verify the statement on f = zj , j ≥ 0. For
j = 0, both sides give zero. For j ≥ 1, the left-hand side gives 2(1 − nj+2)Gj+2(ωcan) by

Theorem 8.2.1. For j ≥ 1, the right-hand side is
∫
zj+1dµ(n), which agrees by [29, Theorem

on p.501]. □

Remark 8.2.4. We have introduced level N structure just to have a moduli scheme instead of
a moduli stack, but are only interpolating the level 1 Eisenstein series. It is also possible to
construct more general global Eisenstein measures interpolating all of the level N Eisenstein
series and specializing to the measures of [30]; a natural way to accomplish this is to restrict
the Weierstrass function to (E [p∞]×E [N ])\(E [p∞]×0) to obtain a measure on TpE∨×E∨[N ]
supported on the complement of TpE∨ × 0. We leave the details to the interested reader.

Example 8.2.5. In the setting of Theorem 8.2.3, the usual weight families of p-depleted
Eisenstein series parameterized by characters of Z×

p are obtained by restricting the measure

µ(n) from Zp to Z×
p (i.e., taking the measure on Z×

p given by evaluating µ(n) on elements

of C0(Z×
p ,Zp) by extending by zero). In particular, the constant term discrepancy and

multiplication by z in (2) do not change these resulting families: In other words, the usual

weight family can be recovered from Eis(n) by

κ 7→
∫
Z×
p

z−1κ d
(
π∗Eis

(n)(E|IgKatz
, ωcan)

)
.

Example 8.2.6. For p ≡ 3 mod 4, the measure Eis(n)(E0,
dx
y ) is, by a direct comparison

of constructions, the measure obtained by applying (rint)∗ (as in Theorem 7.2.6) to the
Galois-equivariant measure on TpE

∨
0 (Cp) constructed in [31].

8.3. The global Eisenstein distribution. Passing to the generic fiber Yη (the good
reduction locus inside the rigid analytic modular curve of level N), we obtain a Hodge–Tate

analytic distribution Eis(n)η on TpE∨η , the Tate module of the universal elliptic curve over Yη.
Applying Theorem 7.2.6, we find it could also be described directly by applying the inverse
Fourier transform on the generic fiber to the same restriction of the modified Weierstrass

function. We explain now how to use Eis(n)η to construct interesting weight families.
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Example 8.3.1. For ϵ = p−n, consider the ϵ neighborhood Zp,ϵ of Zp in A1 representing

the functor (R,R+) 7→ Zp(R,R+) + pnR+. We also consider the subfunctor Z×
p,ϵ ⊂ Zp,ϵ

representing (R,R+) 7→ Z×
p · (1 + pnR+); this is an abelian group under multiplication.

For Spa(R,R+)/ Spa(Qp,Zp) affinoid perfectoid and a pair (E, η) consisting of an elliptic
curve E/R+ and a non-vanishing differential η on E, we say (E, η) is ϵ-ordinary if Zp,ϵ ·
HT(TpE

∨) = Zp,ϵ · η. For a character κ : Z×
p,ϵ → Gan

m , a Zp,ϵ-overconvergent modular form

F of weight κ is a rule assigning to any ϵ-ordinary pair (E, η) over (R,R+) an element
F (E, η) ∈ R such that F (E, c−1η) = κ(c)F (E, η) for c ∈ Z×

p,ϵ(R). We obtain for any κ as

above a Zp,ϵ-overconvergent p-adic modular form of weight κ · z2 by

(E, η) 7→
∫
TpE∨

κ! ◦
HT

η
· dEis(n)(E, η),

where κ! is the extension by zero of κ from Z×
p,ϵ to Zp,ϵ. This overconverges the Eisenstein

series of weight κ · z2 over the closure of the ordinary locus (ϵ = 0) as obtained from the
integral theory above.

Example 8.3.2. For A an order in a quadratic extension L/Qp and for ϵ = p−n, consider
the ϵ-neighborhood Aϵ of A in A1

L as above, and similarly consider A×
ϵ . We say a pair

(E, η) over an affinoid perfectoid Spa(R,R+)/Spa(L,OL) is Aϵ-adapted if Aϵ ·HT(TpE
∨) =

Aϵ · η. For κ : A×
ϵ → Gan

m a character, an Aϵ-overconvergent modular form of weight κ is
a rule assigning to any Aϵ-adapted (E, η) over (R,R+) an element F (E, η) ∈ R such that
F (E, c−1η) = κ(c)F (E, η) for c ∈ A×

ϵ (R). We obtain for any κ an Aϵ-overconvergent p-adic
modular form of weight κ · z2 by

(E, η) 7→
∫
TpE∨

κ! ◦
HT

η
· dEis(n)(E, η),

where κ! is the extension by zero of κ from A×
ϵ to Aϵ. This overconverges a modular form

on the A-formal CM locus (ϵ = 0), a (twisted) profinite subset of the supersingular locus of
the rigid analytic p-adic modular curve over L isomorphic18 after an extension of scalars to

D×(Q)\D×(Af )/(A
× ×Kp),

where D is a quaternion algebra over Q ramified at p and ∞. Note that, by construction,
the characters of A× that extend to some A×

ϵ are precisely the L-analytic characters of A×.
Note also that the existence of these analytic Eisenstein series on the quaternionic double
quotient is already new. Specializing to genuine CM points inside the formal CM locus, one
recovers the Schneider–Teitelbaum p-adic L-functions.

Question 8.3.3. Are the quaternionic Eisenstein series of Example 8.3.2 Hecke eigenvectors?
If so, what are their Hecke eigenvalues, and what is the corresponding Galois representation
(which will exist by [28, Corollary B])?

Appendix A. Comparison with classical functional analysis

In this appendix, we compare the constructions of Section 2 with those appearing in
classical functional analysis. In particular, we extend (parts of) [40] to the setting where
the base is a general Qp-Banach algebra (not just a finite extension of Qp). These comparison
results are used throughout the main body in the text (e.g. in the proof of Lemma 6.2.6),
and in §6.5,6.6. In §A.2. we discuss the classical Amice transform as it is used in the proof
of Theorem 6.3.1.

18This isomorphism follows, e.g., from [26, Corollary 3.4.7, proof of Lemma 5.6.1].
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A.1. Comparison with classical functional analysis.

A.1.1. We first recall some objects which appear in classical functional analysis. Let
(R,R+) be a uniform Huber pair over (Qp,Zp). A topological R-module M is Banach
if M = M+[ 1p ] where M+ is a p-torsion free p-adically complete and separated R+-module

with the p-adic topology. A topological R-module M is orthonomalizable Banach (resp. free

Smith) ifM is isomorphic, as a topological R-module, to
⊕̂

IR (resp. (
∏

I R
+) [ 1p ]). Here the

former module is equipped with the p-adic topology, and the topology on the latter module
is induced from the product topology. We say such a module is countably orthonormalizable
Banach (resp. countably free Smith) if the index set I can be taken to be a countable set.

Lemma A.1.2. The functor ModcondR → R−Mod given by M 7→ M(∗)top induces an
equivalence (with inverse V 7→ V ) between solid and classical ? modules, where ? can be:

• direct summands of orthonormalizable Banach;
• direct summands of countably free Smith.

Proof. It is enough to establish the proposition for orthonormalizable/free Banach/Smith
modules. In this case, it follows from Lemma 2.2.2 and Lemma 2.1.6, together with the fact
that the counit of the adjunction (−)(∗)top ⊣ (−) is a natural isomorphism on compactly-
generated topological spaces. □

A.1.3. We call a topological R-module M strongly (countably) Fréchet if it is isomorphic,
as a topological R-module, to an inverse limit lim←−n∈Z≥0

Mn of topological direct summands

of (countably) orthonomalizable Banach modules Mn with dense transition maps. We have
the following analogue of Lemma A.1.2 for strongly countably Fréchet spaces.

Proposition A.1.4. The functor ModcondR → R−Mod given by M 7→ M(∗)top induces an
equivalence (with inverse V 7→ V ) between solid and classical strongly (countably) Fréchet
modules.

Proof. Since the index sets are countable, strongly countably Fréchet spaces are compactly-
generated topological spaces. By Lemma 2.1.6, it therefore suffices to prove the essential
image of the functor V 7→ V from (classical) strongly countably Fréchet spaces coincides
with the category of condensed strongly countably Fréchet spaces. But this follows from
Lemma A.1.2 and the fact that (−) commutes with inverse limits. □

Remark A.1.5. The reason we do not define LB spaces over a general R is because of
subtleties with direct limits of topological R-modules. Over a field, one works with the
locally convex inductive limit, and developing this theory over an arbitrary Banach Qp-
algebra R is beyond the scope of this appendix.

A.1.6. If M = M+[ 1p ], N = N+[ 1p ] are Banach R-modules, then we define their completed

projective tensor product to be

M⊗̂RN :=
(
M+⊗̂R+N+

)
[ 1p ],

where ⊗̂R+ denotes the p-adically completed tensor product. This does not depend on M+

and N+.

Lemma A.1.7. Let M1,M2 and N be Banach R-modules. If f : M1 →M2 is a continuous
R-linear morphism with dense image, then the map

M1⊗̂RN →M2⊗̂RN

has dense image.
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Proof. Write N = N+[ 1p ] and Mi = M+
i [ 1p ]. The density of f is equivalent to the property

that for all k ∈ Z, the induced map

g : M1 →M2/p
kM+

2

is surjective. We therefore see that

M1 ⊗R+ N+ →
(
M2/p

kM+
2

)
⊗R+ N+

= (M2 ⊗R+ N+)/pk(M+
2 ⊗R+ N+)

= (M2 ⊗R N)/pk(M+
2 ⊗R+ N+)

= (M2⊗̂RN)/pk(M+
2 ⊗̂R+N+)

is surjective, where the first equality uses that M+
2 is p-torsion free (here, by abuse of

notation (M2⊗R+ N+)/pk(M+
2 ⊗R+ N+) means quotient by the image of pk(M+

2 ⊗R+ N+)
in M2 ⊗R+ N+), and the second equality uses that (the image of) M+

2 ⊗̂R+N+ is a lattice
in M2⊗̂RN . This map is the natural one; in particular it factors through M1⊗̂RN and the
natural map

M1⊗̂RN → (M2⊗̂RN)/pk(M+
2 ⊗̂R+N+)

is surjective for all k ∈ Z. This implies that g⊗1 : M1⊗̂RN →M2⊗̂RN has dense image. □

A.1.8. Now assume that R = K is a field and let V denote a locally convex topological
K-vector space in the sense of [42, Section 4]. We will write V ′

w for the K-vector space of
continuous linear functions M → K equipped with the weak topology, and V ′

b for the same
K-vector space equipped with the strong topology (see [42, Section 6]).

Lemma A.1.9. If M is a topological direct summand of a orthonormalizable Banach K-
module, then there is a natural isomorphism

M ′
w ≃HomK(M,K).

If N is a topological direct summand of a countably free Smith K-module, then there is a
natural isomorphism

N ′
b ≃HomK(N,K).

Proof. Using Proposition 2.2.9 and the exactness of idempotent projection, it is enough to

verify that the weak dual of
⊕̂

IK (resp. the strong dual of (
∏

I K
+)[1/p]) coincides with

(
∏

I K
+)[1/p] (resp.

⊕̂
IK). The former is a direct computation, and the latter follows

from the former and [42, Corollary 13.8]. □

A.2. The Amice transform. For V a Qp-Banach space, we write C0(Zp, V ) for the space
of continuous functions from Zp to V , equipped with the compact-open topology, so that
C0(Zp, V0) is an open bounded lattice for any open bounded lattice in V0, see Lemma 2.1.9
(if we put a norm on V , this is the topology induced by the sup norm). For h ≥ 1, we write
LAh(Zp, V ) for the functions that are analytic on each closed disk of radius 1/ph. We may
write LAh(Zp, V ) =

⊕
LAh(x+ phZh

p , V ) as x runs over residue classes for Z/phZ, and on
each of these an open bounded lattice is given by formal sums with coefficients in V0 going

to zero of monomials in ( (z−x)
ph ), for V0 an open bounded lattice in V (if we equip V with

the gauge norm associated to V0, then this is the unit ball for the sup norm on coefficients).

Lemma A.2.1.

C0(Zp, V ) = C0(Zp,Qp)⊗̂Qp
V and LAh(Zp, V ) = LAh(Zp,Qp)⊗̂Qp

V
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Proof. We fix an orthonormal basis ei for C0(Zp,Qp) by lifting a basis for C0(Zp,Fp) to
locally constant functions on Zp. We fix a bounded open lattice V0 in V and an orthonormal
basis vj for V by lifting an Fp-basis of V0/p. Then, the functions ei · vj : z 7→ ei(z)vj are an
orthonormal basis for C0(Zp, V ) since they lie in the bounded open lattice C0(Zp, V0) and
reduce mod p to a basis of C0(Zp, V0/p). Thus the natural map

C0(Zp,Qp)⊗̂QpV → C0(Zp, V )

induced by the pairing (f, v) 7→ f · v : z 7→ f(z)v is an isomorphism.
For LAh(Zp, •), it suffices to treat each LAh(x + phZp, •) separately, where we find im-

mediately that the (z−x)
ph

m
vj are an orthonormal basis and we conclude as above. □

Lemma A.2.2 (Mahler–Amice). The binomial coefficients cn : Zp → Zp, cn(z) =
(
z
n

)
are

an orthonormal basis for C0(Zp,Qp). The multiples cn,h = [ n
ph ]!cn are an orthonormal basis

for HT h(Zp,Qp).

It follows, in particular, that the natural map LA(Zp,Qp)→ C0(Zp,Qp) is injective, and
any f ∈ LA(Zp,Qp) has a unique Mähler expansion

f =
∑

n∈Z≥0

an(f) · cn where cn(z) =

(
z

n

)
.

A.2.3. Let Ĝm be the formal multiplicative group over Spf Zp and let Ĝm,η be its rigid

generic fiber. We note that any f ∈ O(Ĝm,η) has a unique power series expansion

f =
∑

n∈Z≥0

an(f) · tn.

We have the universal character

κ = (1 + t)z = 1 +

(
z

1

)
t+

(
z

2

)
t2 + . . . =

∑
n∈Z≥0

cn · tn ∈ C0(Zp,Zp[[t]]).

A.2.4. For r < 1 a rational power of p, we write Dr ⊆ Ĝm,η for the affinoid disk |t| ≤ p1/r.
By restriction, we obtain an element κla of

lim←−
r

lim−→
h

LAh(Zp,O(Dr)).

Using Lemma A.2.1, we may view κla as an element of

lim←−
r

lim−→
h

LAh(Zp,O(Dr)) = lim←−
r

lim−→
h

LAh(Zp,Qp)⊗̂QpO(Dr).

A.2.5. Write LA(Zp,Qp)
′
b for the continuous Qp-linear dual of LA(Zp,Qp) equipped with

the strong topology. We let

FĜm,η
: LA(Zp,Qp)

′
b → lim←−

r

O(Dr)

denote the map obtained by contracting κla with µ ∈ LA(Zp,Qp)
′ (which induces a com-

patible family of elements µh in LAh(Zp,Qp)).

Corollary A.2.6. The map FĜm,η
is a bijection.
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Proof. The map can be described explicitly by

FĜm,η
(µ) =

∑
n∈Z≥0

µ(cn)t
n,

where we recall that cn is the binomial function. Comparing the growth conditions allowed
on each side (using the Amice basis for locally analytic functions), one finds it is a bijection,
cf. [10, Theorem 1.8.4]. □
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